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Abstract. Monopole Floer homology is used to prove that real projective 
three-space cannot be obtained from Dehn surgery on a non-trivial knot in 
the three-sphere. To obtain this result, we use a surgery long exact sequence 
for monopole Floer homology, together with a non-vanishing theorem, which 
shows that monopole Floer homology detects the unknot. In addition, we 
apply these techniques to give information about knots which admit lens space 
surgeries, and to exhibit families of three-manifolds which do not admit taut 
foliations. 



1. Introduction 

Let K he a, knot in S^. Given a rational number r, let S'^{K) denote the oriented 
three-manifold obtained from the knot complement by Dehn filling with slope r. 
The main purpose of this paper is to prove the following conjecture of Gordon 
(see [18], [19]): 

Theorem 1.1. Let U denote the unknot in , and let K he any knot. If there is an 
orientation-preserving dijfeomorphism S^{K) = S'^{U) for some rational number r, 
then K ^U. 

To amplify the meaning of this result, we recall that Si^{U) is the manifold 
X S'^ in the case r — and is a lens space for all non-zero r. More specifically, 
with our conventions, if r = p/q in lowest terms, with p > 0, then S^{U) = L{p, q) 
as oriented manifolds. The manifold S^/q{K) in general has first homology group 

Z/pZ, independent of K . Because the lens space L(2, q) is MP^ for aU odd q, the 
theorem implies (for example) that MP'^ cannot be obtained by Dehn filling on a 
non-trivial knot. 

Various cases of the Theorem 1.1 were previously known. The case r = is 
the "Property R" conjecture, proved by Gabai [15], and the case where r is non- 
integral follows from the cyclic surgery theorem of Culler, Gordon, Luecke, and 
Shalen [7]. The case where r = ±1 is a theorem of Gordon and Luecke, see [20] 
and [21]. Thus, the advance here is the case where r is an integer with |r| > 1, 
though our techniques apply for any non-zero rational r. In particular, we obtain 
an independent proof for the case of the Gordon-Luecke theorem. (Gabai's result 
is an ingredient of our argument.) 
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The proof of Theorem 1.1 uses the Seiberg-Witten monopole equations, and 
the monopole Floer homology package developed in [23]. Specifically, we use two 
properties of these invariants. The first key property, which follows from the tech- 
niques developed in [25], is a non- vanishing theorem for the Floer groups of a 
three-manifold admitting a taut foliation. When combined with the results of [14] , 
[15], this non- vanishing theorem shows that Floer homology can be used to distin- 
guish X from Sq{K) for non-trivial K. The second property that plays a 
central role in the proof is a surgery long exact sequence, or exact triangle. Surgery 
long exact sequences of a related type were introduced by Floer in the context of 
instanton Floer homology, see [5] and [11]. The form of the surgery long exact se- 
quence which is used in the topological applications at hand is a natural analogue 
of a corresponding result in the Heegaard Floer homology of [30] and [29]. In fact, 
the strategy of the proof presented here follows closely the proof given in [35] . 

Given these two key properties, the proof of Theorem 1.1 has the following 
outline. For integral p, we shall say that a knot K is p-standard if Sp{K) cannot be 
distinguished from Sp{U) by its Floer homology groups. (A more precise definition 
is given in Section 3, see also Section 6.) We can rephrase the non- vanishing theorem 
mentioned above as the statement that, if K is 0-standard, then K is unknotted. 
A surgery long exact sequence, involving the Floer homology groups of Sp_i{K), 
Sp{K) and S^, shows that if K is p-standard for p > 0, then K is also {p — 1) 
standard. By induction, it follows that if K is p-standard for some p > 0, then 
K = U. This gives the theorem for positive integers p. When r > is non- 
integral, we prove (again by using the surgery long exact sequence) that if •S'^ (-'^) is 
orientation-preservingly diffeomorphic to S'^(C/), then K is also p-standard, where 
p is the smallest integer greater than r. This proves Thoerem 1.1 for all positive r. 
The case of negative r can be deduced by changing orientations and replacing K 
by its mirror-image. 

As explained in Section 8, the techniques described here for establishing Theo- 
rem 1.1 can be readily adapted to other questions about knots admitting lens space 

surgeries. For example, if K denotes the (2, 5) torus knot, then it is easy to see that 
Sl{K) ^ L{9,7), and Sf-^^iK) = L(ll,4). Indeed, a result described in Section 8 
shows that any lens space which is realized as integral surgery on a knot in with 
Seifert genus two is diffeomorphic to one of these two lens spaces. Similar lists are 
given when = 3, 4, and 5. Combining these methods with a result of Goda and 
Teragaito, we show that the unknot and the trefoil are the only knots which admits 
a lens space surgery with p = 5. In another direction, we give obstructions to a 
knot admitting Seifert fibered surgeries, in terms of its genus and the degree of its 
Alexander polynomial. 

Finally, in Section 9, we give some applications of these methods to the study 
of taut foliations, giving several families of three-manifolds which admit no taut 
foliation. One infinite family of hyperbolic examples is provided by the (—2, 3, 2n + 
1) pretzel knots for n > 3: it is shown that all Dehn fillings with sufficiently 
large surgery slope r admit no taut foliation. The first examples of hyperbolic 
three-manifolds with this property were constructed by Roberts, Shareshian, and 
Stein in [39], sec also [6]. In another direction, we show that if i is a non-split 
alternating link, then the double-cover of branched along L admits no taut 
foliation. Additional examples include certain plumbings of spheres and certain 
surgeries on the Borromean rings, as described in this section. 
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Outline. The remaining sections of this paper are as fohows. In Section 2, we give 
a summary of the formal properties of the Floer homology groups developed in [23] . 
We do this in the simplest setting, where the coefficients are Z/2. In this context we 
give precise statements of the non-vanishing theorem and surgery exact sequence. 
With Z/2 coefficients, the non- vanishing theorem is applicable only to knots with 
Seifert genus g > 1- In Section 3, we use the non- vanishing theorem and the surgery 
sequence to prove Theorem 1.1 for all integer p, under the additional assumption 
that the genus is not 1. (This is enough to cover all cases of the theorem that do 
not follow from earlier known results, because a result of Goda and Teragaito [17] 
rules out genus- 1 counterexamples to the theorem.) 

Section 4 describes some details of the definition of the Floer groups, and the 
following two sections give the proof of the surgery long-exact sequence (Theo- 
rem 2.4) and the non-vanishing theorem. In these three sections, we also introduce 
more general (local) coefficients, allowing us to state the non-vanishing theorem in 
a form applicable to the case of Seifert genus 1. The surgery sequence with local 
coefficients is stated as Theorem 5.12. In Section 6, we discuss a refinement of the 
non-vanishing theorem using local coefficients. At this stage we have the machinery 
to prove Theorem 1.1 for integral r and any K, without restriction on genus. In 
Section 7, we explain how repeated applications of the long exact sequence can be 
used to reduce the case of non-integral surgery slopes to the case where the surgery 
slopes are integral, so providing a proof of Theorem 1.1 in the non- integral case 
that is independent of the cyclic surgery theorem of [7] . 

In Section 8, we describe several further applications of the same techniques to 
other questions involving lens-space surgeries. Finally, we give some applications 
of these techniques to studying taut foliations on three-manifolds in Section 9. 

Remark on orientations. Our conventions about orientations and lens spaces have 
the following consequences. If a 2-handle is attached to the 4-ball along an attaching 
curve K in S^, and if the attaching map is chosen so that th(! resulting 4-manifold 
has intersection form (p), then the oriented boundary of the 4-manifold is Sp{K). 
For positive p, the lens space L{p, 1) coincides with Sp{U) as an oriented 3-manifold. 
This is not consistent with the convention that L{p,l) is the quotient of (the 
oriented boundary of the unit ball in C^) by the cyclic group of order p lying in the 
center of U{2). 

Acknowledgements. The authors wish to thank Cameron Gordon, John Morgan, 
and Jacob Rasmussen for several very interesting discussions. We are especially 
indebted to Paul Seidel for sharing with us his expertise in homological algebra. 
The formal aspects of the construction of the monopole Floer homology groups 
described here have roots that can be traced back to lectures given by Donaldson 
in Oxford in 1993. Moreover, we have made use of a Floer-theoretic construction 
of Fr0yshov, giving rise to a numerical invariant extending the one which can be 
found in [13]. 

2. Monopole Floer homology 



2.1. The Floer homology functors. We summarize the basic properties of the 
Floer groups constructed in [23]. In this section we will treat only monopole Floer 
homology with coefficients in the field F = Z/2Z. Our three-manifolds will always 



4 



KRONHEIMER, MROWKA, OZSVAtH, AND SZAb6 



be smooth, oriented, compact, connected and without boundary unless otherwise 
stated. To each such three-manifold Y, we associate three vector spaces over F, 



HM,{Y), HM,{Y), HM,{Y). 

These are the monopolc Floor homology groups, read "HM-to" , "HM-from" , and 
"HM-bar" respectively. They come equipped with linear maps i* , j* and which 
form a long exact sequence 



(1) ^ HM,{Y) ^ HM,{Y) HM,{Y) HM,{Y) ■ ■ ■ . 

A cobordism from Yq to Fi is an oriented, connected 4-manifold W equipped with 

an orientation-preserving difFeomorphism from dW to the disjoint union of —Yq 
and Yi. We write W : Yq ^ Yi. We can form a category, in which the objects are 
three-manifolds, and the morphisms are diffeomorphism classes of cobordisms. The 
three versions of monopole Floer homology are functors from this category to the 
category of vector spaces. That is, to each W : Yq ^ Yi, there are associated maps 

HM.{Yq) ^ HM,iYi) 
HM.{Yo) ^ 5m.(Yi) 



HM{W) 
HM(W) 



HM{W) : HM,{Yo) HM,{Yi). 

The maps i*, j* and provide natural transformations of these functors. In 

addition to their vector space structure, the Floor groups c;omo equipped with a 
distinguished endomorphism, making them modules over the polynomial ring ¥[U]. 
This module structure is respected by the maps arising from cobordisms, as well as 
by the three natural transformations. 

These Floer homology groups are set up so as to be gauge-theory cousins of 
the Heegaard homology groups HF+{Y), HP- ij) and HF°°{Y) defined in [30]. 
Indeed, if bi{Y) — 0, then the monopolc Floor groups are conjecturally isomorphic 
to (certain completions of) their Heegaard counterparts. 

2.2. The non-vanishing theorem. A taut foliation T of an oriented 3-manifold 
F is a foliation of Y with smooth, oriented 2-dimensional leaves, such that there 

exists a closed 2-form uj ovlY whose restriction to each leaf is everywhere positive. 
(Note that all foliations which are taut in this sense are automatically coorientable. 
There is a slightly weaker notion of tautness in the literature which applies even in 
the non-cooricntablc case - i.e. that there is a transverse curve which meets all the 
leaves. Of course, when H^{Y\ 'Ll2'£) = 0, all foliations are coorientable, and hence 
these two notions coincide.) We write e(^) for the Euler class of the 2-plane field 
tangent to the leaves, an clement of H'^{Y; Z). The proof of the following theorem 
is based on the techniques of [25] and makes use of the results of [9]. 

Theorem 2.1. Suppose Y admits a taut foliation J- and is not x S^. If either 
(a) bi{Y) — 0, or (b) bi{Y) = 1 and e{T) is non-torsion, then the image of 
j* : HM,{Y) HM,{Y) is non-zero. 

The restriction to the two cases (a) and (b) in the statement of this theorem arises 
from our use of Floer homology with coefficients F. There is a quite general non- 
vanishing theorem for S-manifolds satisfying the hypothesis in the first sentence; 
but for this version (which is stated as Theorem 6.1 and proved in Section 6) we 
need to use more general, local coefficients. 

Note that for 5^ x is trivial in view of the following: 
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Proposition 2.2. IfY is a three-manifold which admits a metric of positive scalar 
curvature, then the image of j* is zero. 

According to Gabai's theorem [15], if -fT is a non-trivial knot, then Sq{K) admits 
a taut foliation !F, and is not x S"^. If the Seifert genus of K is greater than 1, 
then e(^) is non-torsion. As a consequence, we have: 

Corollary 2.3. The image of j» : HM,{Sl{K)) HM,{S^{K)) is non-zero if the 
Seifert genus of K is 2 or more, and is zero if K is the unknot. □ 

2.3. The surgery exact sequence. Let M be an oriented 3-manifold with torus 
boundary. Let 71, 72, 73 be three oriented simple closed curves on dM with alge- 
braic intersection numbers 

(71 ■ 72) = (72 • 73) = (73 • 71) = -1- 

Define 7,i for all n so that 7„ = 7,1+3. Let F„ be the closed 3-manifold obtained by 
filling along 7„: that is, we attach x to M so that the curve {1} x dD^ is 
attached to 7„. There is a standard cobordism W„ from F„ to Y^+i. The cobordism 
is obtained from [0, 1] x y„ by attaching a 2-handle to {1} x F„, with framing 7,1+1. 
Note that these orientation conventions are set up so that Wn+i Uy^^^ Wn always 
contains a sphere with self-intersection number —1. 

Theorem 2.4. There is an exact sequence 

> HM,{Yn-i) HM.{Y,,) ^ HM,{Yr,+i) ^ • • • , 

in which the maps Fn are given by the cobordisms Wn- The same holds for HM, 
and HM, . 

The proof of the theorem is given in Section 5. 

2.4. Gradings and completions. The Floer groups are graded vector spaces, but 
there are two caveats: the grading is not by Z, and a completion is involved. We 
explain these two points. 

Let J be a set with an action of Z, not necessarily transitive. We write j 1— > j -|- n 
for the action of n e Z on J. A vector space V is graded by J if it is presented as 
a direct sum of subspaces Vj indexed by J. A homomorphism h : V V between 
vector spaces graded by J has degree n if h{Vj) C y^'+„ for all j. 

If Y is an oriented 3-manifold, we write J{Y) for the set of homotopy- classes of 
oriented 2-plane fields (or equivalently nowhere-zero vector fields) ^ on Y. To define 
an action of Z, we specify that [C] denotes the homotopy class [£] obtained from 
[^] as follows. Let cYhea standard ball, and let p : {B^,dB^) -> iSO{3), 1) 
be a map of degree — 2n, regarded as an antomorphism of the trivialized tangent 
bundle of the ball. Outside the ball B^, we take ^ = ^. Inside the ball, we define 

The structure of J{Y) for a general three-manifold is as follows (see [25], for exam- 
ple). A 2-plane field determines a Spin*^ structure on F, so we can first write 

J{Y) = [j J{Y,B), 

seSpin<=(y) 
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where the sum is over all isomorphism classes of Spin"^ structures. The action of Z 
on each J{Y,s) is transitive, and the stabilizer is the subgroup of 2Z given by the 
image of the map 

(2) x>-^ {ci{s),x) 

from H2{Y;Z) to Z. In particular, if Ci(s) is torsion, then J{Y,s) is an afBne copy 
of Z. 

For each j e J{Y), there are subgroups 

HMj{Y) C HM,{Y) 
HMj{Y) C HM,{Y) 
llMjiY) CHM,{Y), 

and there are internal direct sums which we denote by HM^,, HM^ and HM^,: 

HM^iY) =^HMj{Y) c HM,{Y) 

j 

HM^{Y) = 05Mj(r) C HM,{Y) 
i 

HM,{Y) = ^HMj{Y) c HM,{Y) 

3 

The • versions are obtained from the * versions as follows. For each s with ci(s) 
torsion, pick an arbitrary jo (s) in J{Y,5). Define a decreasing sequence of subspaces 
HM[n] C HM^Y) by 

s Tn>n 

where the sum is over torsion Spin'^ structures. Make the same definition for the 
other two variants. The groups HM,{Y), HM,{Y) and HM,{Y) are the comple- 
tions of the direct sums HM^,{Y) etc. with respect to these decreasing filtrations. 
However, in the case of HM, the subspace HM[n] is eventually zero for large n, so 
the completion has no effect. Prom the decomposition of J{Y) into orbits, we have 
direct sum decompositions 

HM,{Y)=^HM,{Y,s) 

s 

HM,{Y)=^HM,{Y,5) 

s 

HM,{Y)=^HM.{Y,s). 

s 

Each of these decompositions has only finitely many non-zero terms. 

The maps i*, j* and are defined on the * versions and have degree 0, and 
— 1 respectively, while the cndomorphism U has degree —2. The maps induced by 
cobordisms do not have a degree and do not always preserve the * subspace: they 
are continuous homomorphisms between complete filtered vector spaces. 
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To amplify the last point above, consider a cobordism W : Yq ^ Yi. The 
homomorphisms HM{W) etc. can be written as sums 

IIM{W) =^HM{W,s), 

s 

where the sum is over Spin''(VK): for each s G Spin'^(VK), wc have 
HM{W,s) : HM.{Yo,So) ^ HM,{Yi,Si), 

where Sq and Si are the resulting Spin*^ structures on the boundary components. 
The above sum is not necessarily finite, but it is convergent. The individual terms 
HM{W,s) have a wcll-dcfincd degree, in that for each jo G J(lo)-So) there is a 
unique ji € J(yi,Si) such that 

HM{W,s) : HMj„(Yo,So) ^ HM,,{Yi,Si). 

The same remarks apply to HM and HM. The element ji can be characterized 
as follows. Let be an oriented 2-plane field in the class jo, and let I be an 
almost complex structure on W such that: (i) the planes arc invariant under 
I\yo and have the complex orientation; and (ii) the Spin'^ structure associated to 
/ is s. Let ^1 be the unique oriented 2-plane field on Yi that is invariant under I. 
Then ji = [^i]. For future reference, we introduce the notation 

jo ^ jl 

to denote the relation described by this construction. 

2.4.1. Remark. Because of the completion involved in the definition of the Floor 
groups, the F[[/]-module structure of the groups ifM«(F,5) (and its companions) 
gives rise to an F[[f7]]-module structure on HM,{Y,s), whenever ci(s) is torsion. In 
the non-torsion case, the action of U on HM*(Y', s) is actually nilpotcnt, so again 
the action extends. In this way, each of HM,{Y), HM,{Y) and HM,{Y) become 
modules over F[[J7]], with continuous module multiplication. 

2.5. Canonical mod 2 gradings. The Floer groups have a canonical grading 
mod 2. For a cobordism W -.Yq ^Y\, let us define 

^{W) = \{x{W) + a{W) - b,{Y,) + b,{Yo)), 

where x denotes the Euler number, a the signature, and 6i the first Betti number 
with real coefficients. Then we have the following proposition. 

Proposition 2.5. There is one and only one way to decompose the grading set J(Y) 
for all Y into even and odd parts in such a way that the following two conditions 
hold. 

(1) The gradings j G J{S^) for which HMj{S^) is non-zero are even. 

(2) IfWiYo^Yi is a cobordism and jo ^ ji for some Spin'^ structure S on 
W , then ji) and, ji ha,ve the same parity if and, only if i{W) is even. 

This result gives provides a canonical decomposition 

HM,{Y) = HM,,,,,{Y) © HMom{Y), 

with a similar decomposition for the other two flavors. With respect to these mod 
2 gradings, the maps i* and j* in the long exact sequence have even degree, while 
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p* has odd degree. The maps resulting from a cobordism W have even degree if 
and only if l{W) is even. 

2.6. Computation from reducible solutions. While the groups HM,{Y) and 
HM ,{Y) arc subtle invariants of F, the group HM,{Y) by contrast can be cal- 
culated knowing only the cohomology ring of Y . This is because the definition 
of HM,{Y) involves only the reducible solutions of the Seibcrg-Witten monopole 
equations (those where the spinor is zero). We discuss here the case that K is a 
rational homology sphere. 

When 61(F) = 0, the number of different Spin*^ structures on Y is equal to the 
order of Hi{Y; Z), and J{Y) is the union of the same number of copies of Z. The 
contribution to HM,{Y) from each Spin'^ structure is the same: 

Proposition 2.6. Let Y be a rational homology sphere and i a Spin'^ structure on 
Y. Then 

fiM.(F,t) ^F[U-\C/]] 

as topological ¥[\U]]-modules, where the right-hand side denotes the ring of formal 
Laurent series in U that are finite in the negative direction. 

The maps HM,{W) arising from cobordisms between rational homology spheres 
are also standard: 

Proposition 2.7. Suppose W -.Yq ^Yi is a cobordism between rational homology 

spheres, with bi(W) = 0, and, suppose that the intersection form on W is negative 
definite. Let s be a Spin"^ structure on W , and suppose jo ~ ji. Then 

HM{W, s) : HM,, (Fq) ^ HM,, (Yi) 

is an isomorphism. On the other hand, if the intersection form on W is not negative 
definite, then HM[W,s) is zero, for alls. 

The last part of the proposition above holds in a more general form. Let be a 

cobordism between 3-manifolds that are not necessarily rational homology spheres, 
and let b'^iW) denote the dimension of a maximal positive-definite subspace for 
the quadratic form on the image of H'^{W, dW; K) in H'^{W\ M). 

Proposition 2.8. // the cobordism W :Yq ^ Y\ has 6+(W) > 0, then the map 
HM{W) is zero. 

2.7. Gradings and rational homology spheres. We return to rational ho- 
mology spheres, and cobordisms between them. If W is such a cobordism, then 
H'^iW, dW; Q) is isomorphic to H'^{W; Q), and there is therefore a quadratic form 

given by Q{e) = (e ^ e)[W, dW], where e S H'^{W, dW; Q) is a class whose restric- 
tion to W is e. We will simply write for Q{e). 

Lemma 2.9. Let W. W : Y^ ^ Yi be two cobordisms between a pair of rational 
homology spheres Yq and Yi. Let jo and ji be classes of oriented 2-plane fields on 
the 3-manifolds and suppose that 

jo ~ ji 
jo ~ ji 
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for Spin'^ structure a and a' on the two cobordisms. Then 

clis) - 2x(W) - 3a(W) = cl{s') - 2x(W') - 3a(t¥'), 
where x and a denote the Euler number and signature. 

Proof. Every 3-manifold equipped with a 2-planc field ^ is the boundary of some 
almost-complex manifold {X, I) in such a way that ^ is invariant under /; so bearing 
in mind the definition of the relation ~, and using the additivity of all the terms 
involved, we can reduce the lemma to a statement about closed almost-complex 
manifolds. The result is thus a consequence of the fact that 

cf(s)[X]-2x(X)-3a(X) = 

for the canonical Spin'' structure on a closed, almost-complex manifold X. □ 

Essentially the same point leads to the definition of the following Q-valued func- 
tion on JiY), and the proof that it is well-defined: 

Definition 2.10. For a three-manifold Y with hiiY) = andj e J{Y) represented 
by an oriented 2-plane field ^, we define h{j) gQ by the formula 

Ah{j) = cl{X, I) - 2x{X) - 3a{X) + 2, 

where X is a manifold whose oriented boundary is Y . and I is an almost- complex 
structure such that the 2-plane field ^ is I -invariant and has the complex orienta- 
tion. The quantity c\ {X, I) is to be interpreted again using the natural isomorphism 
H'^iX, dX;Q) ^ H^{X;Q). 

The map h : J{Y) Q satisfies h{j -\- 1) = h{j) + 1. 

Now let s be a Spin° structure on a rational homology sphere Y, and consider 
the exact sequence 

(3) 0-^im(39,) ffiW".(y,s) ^im(i,) ^0, 

where p* : HM,{Y,s) HM,{Y,s). The image of is a closed, non-zero, proper 
F[C/-\ {7]]-submodule of HM,(y,s); and the latter is isomorphic to ¥[U-^,U]] 
by Proposition 2.6. The only such submodules of F[J7~i,C/]] are the submodules 
L''''F[[J7]] for r e Z. It follows that the short exact sequence above is isomorphic to 
the short exact sequence 

¥[[U]] ¥[U-^,U]] ¥[U-^ ,U]]/¥[[U]] 0. 

This observation leads to a Q-valued invariant of Spin"^ structures on rational ho- 
mology spheres, after Fr0yshov [13]: 

Definition 2.11. Let Y be an oriented rational homology sphere and s a Spin'' 
structure. We define (by either of two equivalent formulae) 

Fr{Y,s) = min{ h{k) | : HMk{Y,s) —>■ HMh{Y,s) is non-zero}, 

= max{ h{k) -h 2 | : HMk-\-i{Y,s) —>■ HMk{Y,s) is non-zero}. 

When j* is zero, sequence (3) determines everything, and we have: 
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Corollary 2.12. Let Y be a rational homology sphere for which the map ]<, is zero. 
Then for each Spin'^ structure s, the short exact sequence 

^ HM,{Y,s) ^ HM,{Y,s) HM,{Y,s) 

is isomorphic as a sequence of topological ¥[[U]]-modules to the sequence 
^ ¥[[U]] F[[/-\ U]] ¥[U-'^,U]]/¥[[U]] 0. 

Furthermore, if jmin denotes the lowest degree in which HM j^^^{y,s) is non-zero, 

then h{jnnn) = Fr{Y,s). 

2.8. The conjugation action. Let y be a three-manifold, equipped with a spin 
bundle W. The bundle W which is induced from W with the conjugate complex 
structure naturally inherits a Clifford action from the one on W. This correspon- 
dence induces an involution on the set of Spin'^ structures on Y, denoted s i— > s. 

Indeed, this conjugation action descends to an action on the Floer homology 
groups: 

Proposition 2.13. Conjugation induces a well-defined involution on HM,{Y), 

sending HM(Y,b) HM{Y,s). Indeed, conjugation induces involutions on the 
other two theories as well, which are com,patible with the maps i*, j*, andp-f. 

3. Proof of Theorem 1.1 in the simplest cases 

In this section, we prove Theorem 1.1 for the case that the surgery coefficient is 
an integer and the Seifert genus of K is not 1. 

3.1. The Floer groups of lens spaces. We begin by describing the Floer groups 
of the 3-sphere. There is only one Spin'^ structure on 5^, and j* is zero because 
there is a metric of positive scalar curvature. Corollary 2.12 is therefore applicable. 
It remains only to say what jmin is, or equivalently what the Fr0yshov invariant is. 

Orient as the boundary of the unit ball in and let SU(2)+ and SU(2)_ be 
the subgroups of SO (4) that act trivially on the anti-self-dual and self-dual 2-forms 
respectively. Let ^+ and ^_ be 2-plane fields invariant under SU(2)_ and SU(2)+ 
respectively. Our orientation conventions are set up so that [^_] = [^+] -|- 1. 

Proposition 3.1. The least j G JiS^) for which HMj{S^) is non-zero is j = [^_]. 
The largest j e J{S^) for which HMj{S^) is non-zero is [^+] = [^_] - 1. The 
Fr0yshov invariant of is therefore given by: 

Fr{S') = h{[^^]) = 0. 

We next describe the Floer groups for the lens space L{p, 1), realized as Sp{U) 
for an integer p > 0. The short description is provided by Corollary 2.12, because 

is zero. To give a longcir answer, wc must describe the 2-plane field in which 
the generator of HM lies, for each Spin'^ structure. Equivalently, we must give the 
Fr0yshov invariants. 

Wc first pin down the grading set J{Y) for Y = Sp{K) and p > 0. For a general 
knot K, we have a cobordism 

W{p) : S'p{K) ^ 

obtained by the addition of a single 2-handle. The manifold W{p) has H2{W{p)) = 
Z, and a generator has self-intersection number —p. A choice of orientation for a 
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Seifert surface for K picks out a generator h = hw{p)- For each integer n, there is 
a unique Spin*^ structure Sn,p on W{p) with 

(4) (ci(s„,p),/i) = 2n-p. 

We denote the Spin'^ structure on Sp{K) which arises from 5n,p by in,p\ it depends 
only on n mod p. Define jn,p to be the unique element of J{Sp{K), tn,p) satisfying 

jn,p 

where ^+ is the 2-planc field on 5''' described above. Like tn,p, the class jn,p depends 
on our choice of orientation for the Seifert surface. Our convention implies that 
jo,i — on Sf{U) = S^. If n = n' mod p, then j„_p and jn',p belong to the same 
Spin'^ structure, so they differ by an element of Z acting on J{Y). The next lemma 
calculates that element of Z. 

Lemma 3.2. We have 

{2n - pf - {2n' - pf 



Jn,p 3n' ,p — 



4p 



Proof. We can equivalently calculate h{jn,p) — h{jn',p)- We can compare h{jn,p) 
to using the cobordism W{p), which tells us 

4/i0„,p) = 4/i([^+]) - c\{5n,p) + 2x{W{p)) + MW{p)), 

and hence 

4/i(j„,p) = -4 + +2-3 

_ {2n-pf ^ 
P 

The result follows. □ 

Now we can state the generalization of Proposition 3.1. 

Proposition 3.3. Let n be in the range < n < p. The least j S J{Y, in,p) for 
which HM j(^Sp(U),tn,p) is non-zero is jn,p + 1. The largest j e J{S^{U),tn) for 
which HMj{Sp{U),in,p) is non-zero is jn,p- Equivalently, the Fr0yshov invariant 
of {Sp{U),in^p) is given by: 

Fr{S^{U),U,,p) = h{jn,p) + l 
(5) _ {2n-pf _ 1 

4p A 

The meaning of this last result may be clarified by the following remarks. By 
Proposition 2.7, we have an isomorphism 

and because is zero for lens spaces, the map 



: FM,„_^+i(5p^([/),t„,p) ^ HM^^^^{S'p{U),in,p) 
is an isomorphism. Proposition 3.3 is therefore equivalent to the following corollary: 
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Corollary 3.4. The m,ap 

HM{W{p),Sn,p) : HM,iS^{U),tn,p) ^ HM,{S^) 

is an isomorphism, whenever < n < p. 

A proof directly from the definitions is sketched in Section 4.14. See also Propo- 
sition 7.5, which yields a more general result by a more formal argument. 

We can now be precise about what it means for Sp{K) to resemble Sp{U) in its 
Flocr homology. 

Definition 3.5. For an integer p > 0, we say that K is p-standard if 

(1) the map : HM ,{Sl{K)) HM,{S^{K)) is zero; and 

(2) for < n < p, the Fr0yshov invariant of the Spin^ structure tn^p on Sp{K) 
is given by the same formula (5) as in the case of the unknot. 

For p = 0, for the sake of expediency, we say that K is weakly 0-standard if the 
map J* is zero for Sq{K). 

Observe that tn,p depended on an orientation Seifert surface for the knot K. 
Letting 1+^ and t~p be the two possible choices using the two orientations of the 
Seifert surface, it is easy to see that t+p is the conjugate of t~p. In fact, since the 
Pr0yshov invariant is invariant under conjugation, it follows that our notation of 
p-standard is independent of the choice of orientation. 

If p > and j* is zero, the second condition in the definition is equivalent to the 
assertion that HM {W (p) , Sn^p) is an isomorphism for n in the same range: 

Corollary 3.6. If K is p-standard and p > 0, then 

HM{W{p),Sn,p) : HM,{S'^{K),ta^p) ^ HM.iS"") 

is an isomorphism for < n < p. Conversely, if j^, is zero for Sp{K) and the above 
map is an isomorphism for <n <p, then K is p-standard. 

The next lemma tells us that a counter-example to Theorem 1.1 would be a 
p-standard knot. 

Lemma 3.7. // Sp{K) and Sp{U) are orientation-preserving diffeomorphic for 
some integer p > 0, then K is p-standard. 

Proof. Fix an integer n, and let tp : Sp{K) Sp{U) be a diffeomorphism. To 

avoid ambiguity, let us write t^p and t^^ for the Spin'^ structures on these two 

3-manifolds, obtained as above. Because j* is zero for Sp{K) and HM{W{p),Sn,p) 
is an isomorphism, the map 

HM{W{p),Sn,p) : HM,{S'p{K),i^^p) ^ HM,{S^) 

is injective. Making a comparison with Corollary 3.6, we see that 

Fr{S'p{K),i^^p) < Fr{S'p{U),ilp) 

for < n < p. So 

p— 1 p—i 
Y,Fr{Sl{K),ilp) <Y,Fr{Sl{U),ilp). 

n=0 n=0 
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On the other hand, the as n runs from to p — 1, wc run through ah Spin*^ structures 
once each; and because the manifolds arc diffeomorphic, we must have equahty of 
the sums. The Fr0yshov invariants must therefore agree term by term, and K is 
therefore p-standard. □ 



3.2. Exploiting the surgery sequence. When the surgery coefficient is an in- 
teger and the genus is not 1, Theorem 1.1 is now a consequence of the following 
proposition and Corollary 2.3, whose statement we can rephrase as saying that a 
weakly 0-standard knot has genus 1 or is unknotted. 

Proposition 3.8. // K is p-standard for some integer p > 1, then K is weakly 
0-standard. 

Proof. Suppose that K is p-standard, so that in particular, is zero for Sp{K). 
We apply Theorem 2.4 to the following sequence of cobordisms 

. S'p_,{K) ^ S'piK) ^S'y% SI_,{K) ^ . . . 

to obtain a commutative diagram with exact rows and columns, 

> HM.{Sl_r{K)) 

_ ['■ 

> HM,{Sl_i{K)) 

_ i- 

> HM,{Sl_i(K)) 

In the case K = U, the cobordism Wi is diffeomorphic (preserving orientation) to 

Ar\B'*, where iV is a tubular neighborhood of a 2-sphcrc with sclf-intcrscction num- 
ber —p; and W2 has a similar description, containing a sphere with self-intersection 
{p — 1). In general, the cobordism Wi is the manifold we called W{p) above. 

Lemma 3.9. The maps 

HMiWi) : 'HM,{Sl{K)) TlM,{S^) 

HM{Wi) : HM,{Sl{K)) HM,{S^) 
are zero if p = 1 and are surjective if p > 2. 

Proof. We write 

p-i ^ 

HM,{Sl{K)) =^HM,{Sl{K),in,p)- 

n=0 



HM.{Sl{K)) 



HM,{S-') 



HM(Wq) 



HM(Wo) 



1- 

(S?( 

V 



1- 

HM,{S^) 
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If n in the range < n < p — 1, the map i/M,(VFi,s„,p) is an isomorphism by 
Corollary 3.6, which gives identifications 



¥[[U]] ¥[[U]]. 

For n' = nmodp, under the same identifications, HM {Wi , Sn' ,p) becomes multi- 
plication by If^, where 

— {jn',p ~ jn,p)/^- 

This difference was calculated in Lemma 3.2. Taking the sum over all Sn',p, we see 
that 

n'=n (p) 

is isomorphic (as a map of vector spaces) to the map F[[L'']] ^[[U]] given by 
multiplication by the series 



E 

n'=n (p) 



jja2n'-pf-{2n-pf)/Sp g W[[U]]. 



When n = 0, this series is as the terms cancel in pairs. For all other n in the range 
1 < n < p — 1, the scries has leading coefficient 1 (the contribution from n' = n) 
and is therefore invertible. Taking the sum over all residue classes, we obtain the 
result for HM. The case of HM is similar, but does not depend on Corollary 3.6. □ 

We can now prove Proposition 3.8 by induction on p. Suppose first that p > 2 
and let K be p-standard. The lemma above tells us that HM{Wi) is surjective, and 
from the exactness of the rows it follows that _ffM(T'l''o) is injective. Commutativity 
of the diagram shows that HM{Wo) op^, is injective, where : HM,{Sp_i{K)) — > 
'HM,{S^_^iK)). It follows that 

> : HM,{Sl_^{K)) ^ HM,{Sl_,{K)) 

is zero, by exactness of the columns. To show that K \s [p — l)-standard, we must 
examine its Fr0yshov invariants. 

Fix n in the range < n < p — 2, and let 

eeflM,„,,_,(S3_i(jr),t„,p_i) 

be the generator. To show that the Pr0yshov invariants of S^_-^{K) are standard 
is to show that 



e 



G imagc(p, : HM .{Sl_^{K)) ^ HM ,{Sl_^{K))) . 



From the diagram, this is equivalent to showing 



HM{Wo){e) e image(p* : HM,{Sl{K)) ^ HM,{Sl{K))). 



Suppose on the contrary that HM{WQ){e) does not belong to the image of p*. This 
means that there is a Spin'^ structure u on Wq such that 

u . 

Jn,p—1 3m,p ~r ^ 
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for some integer x > 0, and m in the range < m < p — 1. There is a unique Spin'^ 
structure tu on the composite cobordism 

X = WioWo: S^_-^{K) ^ 

whose restriction to Wo is u and whose restriction to Wi is Sm,p- We have 

jn,p-l " K+] + X. 

On the other hand, the composite cobordism X is difFeomorphic to the cobordism 
W{p - 1)#CP (a fact that we shall return to in Section 5), and we can therefore 
write (in a self-evident notation) 

for some Spin^ structure s on CP^, and some n' equivalent to n mod p. From 
Lemma 2.9, we have 

c?(tB) - 2x{X) - 3a{X) 

= Ax + cl{Sn,p-i) - 2x{Wip - 1)) - 3a{W{p - 1)) 

or in other words 

i^n-p+l?-i2n'-p+ir ^ ^ 1 = 

P- 1 

But n is in the range < n < p—1 and c1{s) has the form —{2k+l)'^ for some integer 
k, so the left hand side is not greater than 0. This contradicts the assumption that 
X is positive, and completes the argument for the case p > 2. 

In the case p = 1, the maps HM{Wi), HM{Wi) and HM{Wi) are ah zero. A 
diagram chase again shows that j* is zero for Sq{K), so K is weakly 0-standard. □ 



4. Construction of monopole Floer homology 

4.1. The configuration space and its blow-up. Lot Y be an oriented 3-manifold, 
equipped with a Riemannian metric. Let B{Y) denote the space of isomorphism 
classes of triples (s, A, $), where s is a Spin'^ structure, A is a Spin'^ connection of 
Sobolev class L'^_i/2 the associated spin bundle S ^ Y, and $ is an L'^_ii2 
section of S. Here k ~ 1/2 is any suitably large Sobolev exponent, and we choose 
a half-integer because there is a continuous restriction map Ll.{X) L'^_^^^(Y) 
when X has boundary Y. The space B{Y) has one component for each isomorphism 
class of Spin'^ structure, so we can write 

B{Y) = \jB{Y,s). 

s 

We call an element of B{Y) reducible if $ is zero and irreducible otherwise. If we 
choose a particular Spin'^ structure from each isomorphism class, we can construct 
a space 

c(r) = |Jc(y,s), 

s 

where C{Y,s) is the space of all pairs (A, $), a Spin'^ connection and section for the 
chosen S. Then we can regard B{Y) as the quotient of C{Y) by the gauge group 
Q{Y) of all maps u : F — > 5^ of class L'^,i/2- 
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The space B{Y) is a Banach manifold except at the locus of reducibles; the 
reducible locus B'^^'^{Y) is itself a Banach manifold, and the map 

B{Y) B'^^{Y) 
[s,A,^] ^ [s,A,0] 

has fibers L'^_-^i2{S)/ , which is a cone on a complex projective space. We can 
resolve the singularity along the reducibles by forming a real, oriented blow-up, 

TT : B'^(y) ^ B{Y). 

We define B'^{Y) to be the space of isomorphism classes of quadruples (s. A, ,s, (^), 
where is an element of -L^_-^^2('^) with unit norm and s > 0. The map tt is 

TT : [s. A, s, (f)] !-»• [a, A, s(f)]. 

This blow-up is a Banach manifold with boundary: the boundary consists of points 
with s = (we call these reducible), and the restriction of tt to the boundary is a 
map 

TT : dB^iY) B'^^iY) 
with fibers the projective spaces associated to the vector spaces L^_-^^2('^)- 

4.2. The Chern-Simons-Dirac functional. After choosing a preferred connec- 
tion in a spinor bundle S for each isomorphism class of Spin'^ structure, we can 
define the Chern-Simons-Dirac functional C on C{Y) by 

C{A, $) = - 4) A {Fa^ + ) + i j^{DA^, dvol. 

Here A}" is the associated connection in the line bundle h?S. The formal gradient 
of C with respect to the metric ||$||2 + - ^^H^ is a "vector field" V on 
C{Y) that is invariant under the gauge group and orthogonal to its orbits. We 
use quotation marks, because V is a section of the L'^_^/2 completion of tangent 

bundle. Away from the reducible locus, V descends to give a vector field (in the 

same sense) V on B{Y). Pulling back by tt, wo obtain a vector field on the 
interior of the manifold- with-boundary B'^^Y). This vector field extends smoothly 
to the boundary, to give a section 

:B'^{Y)^%_s/2{Y), 

where ^_3/2(i^) is the L'^_^i2 completion of TB'^{Y). This vector field is tangent 

to the boundary at dB^iY). The Floer groups HM{Y), HM{Y) and ffM(F) will 
be defined using the Morse theory of the vector field on B'^iY). 

4.2.1. Example. Suppose that h\{Y) is zero. For each Spin'^ structure s, there is (up 

to isomorphism) a unique connection A in the associated spin bundle with Fa*. = 0, 
and there is a corresponding zero of the vector field V at the point a = [5, Aq, 0] in 
gred(y) rpj^^ vcctor field V has a zero at the point [s, Aq, 0, 0] in dB^iY) precisely 
when is a unit eigenvector of the Dirac operator Da- If the spectrum of Da is 
simple (i.e. no repeated eigenvalues), then the set of zeros of V in the projective 
space 7r~^(a) is a discrete set, with one point for each eigenvalue. 
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4.3. Four- manifolds. Let X be a compact oriented Riemannian 4-manifold (pos- 
sibly with boundary), and write B(X) for the space of isomorphism classes of triples 
(s, A, $), where s is a Spin'^ structure, A is a Spin" connection of class and $ is 
an Li section of the associated half-spin bundle 5'+. As in the 3-dimensional case, 
we can form a blow-up B'^{X) as the space of isomorphism classes of quadruples 
{s,A,s,(j)), where s > and ||(/>||l2(x) = 1- If F is a boundary component of X, 
then there is a partially-defined restriction map 

r : B''{X) -4 B'^(y) 

whose domain of definition is the set of configurations [s,A, s, </>] on X with ^\y 
non-zero. The map r is given by 

[5,A,S,(j)] ^ [5\Y,A\Y,s/c,C(j)\Y], 

where 1/c is the norm of </)\y- (We have identified the spin bundle S onY with 
the restriction of 5+.) When X is cylinder I x Y, with I a compact interval, we 
have a similar restriction map 

n : B^il X Y) B'^iY) 

for each t £ I. 

If X is non-compact, and in particular if X = M x y, then our definition of the 
blow-up needs to be modified, because the norm of (j) need not be finite. Instead, 
we define B^^^{X) as the space of isomorphism classes of quadruples [s. A, tp, K+(;6], 
where A is a, Spin" connection of class inoc ^he set K+c/i is the closed ray generated 
by a non-zero spinor (p in i| ioc("^' '^^)' ^^'^ V' belongs to the ray. (We write M+ 
for the non-negative reals.) This is the usual way to define the blow up of a vector 
space at 0, without the use of a norm. The configuration is reducible if ip is zero. 

4.4. The four-dimensional equations. When X is compact, the Seiberg-Witten 
monopole equations for a configuration 7 = [s. A, s, (p] in B'^{X) are the equations 

\p{F%)-s\cjy^*)o = Q 
D+(f> = 0, 

where p : A+(X) isu(S'+) is Clifford multiplication and {(f>(j)*)o denotes the 
traceless part of this hermitian endomorphism of S~^. When X is non-compact, we 
can write down essentially the same equations using the "norm-free" definition of 
the blow-up, Bi^^.{X). In either case, we write these equations as 

^(7) = 0. 

In the compact case, we write 

M{X) c B^iX) 

for the set of solutions. We draw attention to the non-compact case by writing 
Mioc(X) c BUX). 

Take X to be the cylinder M x y, and suppose that 7 = [s, A,'ip,M.'^(l)] is an 
element of Mioc(K x y). A unique continuation result implies that the restriction 
of (j) to each slice {t} x y is non-zero; so there is a well-defined restriction 

-fit) ^ ni^) e B^Y) 

for all t. We have the following relation between the equations J^ij) = and the 
vector field V^: 
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Lemma 4.1. If ^ is in Mioc(lR x Y), then the corresponding path j is a smooth 
path in the Banach manifold-with-boundary B'^{Y) satisfying 

Every smooth path 7 satisfying the above condition arises from some element of 
Mioc(]R X Y) in this way. 

Wo should note at this point that our sign convention is sueh that the 4- 
dimensional Dirac operator on the cy Under R x F, for a connection A pulled 
back from Y, is equivalent to the equation 

at 

for a time-dependent section of the spin bundle S ^ Y. 

Next we define the moduli spaces that we will use to construct the Floer groups. 

Definition 4.2. Let a and b be two zeros of the vector field in the blow-up 

B'^{Y). We write M{a, b) for the set of solutions 7 e Mioc(K x Y) such that the 
corresponding path ^(t) is asymptotic to a as t ^ —00 and to b as t ^ +00. 

Let W : Yq ^ Yi he a.n oriented cobordism, and suppose the metric on W is 
cylindrical in collars of the two boundary components. Let W* be the cylindrical- 
end manifold obtained by attaching cylinders M~ x Yq and R"*" x Yi . From a solution 
7 in Mioc(VK*), we obtain paths 70 : M" ^ B^iYo) and 71 : M+ ^ B''{Yi). The 
following moduli spaces will be used to construct the maps on the Floer groups 
arising from the cobordism W: 

Definition 4.3. Let a and b be zeros of the vector field V in B'^iY^^) and B''{Yi) 
respectively. We write M(o, W* , b) for the set of solutions 7 G M\oc{W*) such that 
the corresponding paths 70 (i) and 71(f) are asymptotic to and b as t ^ —00 and 

t +00 respectively. 

4.4.1. Example. In example 4.2.1, suppose the spectrum is simple, let oa G dB'^{Y) 
be the critical point corresponding to the eigenvalue A, and let (fix be a corresponding 
eigenvector of Daq. Then the reducible locus M''°^(aA,o^) in the moduli space 
M{a\, a^) is the quotient by C* of the set of solutions cj) to the Dirac equation 

on the cylinder, with asymptotics 

^ ^ fCoe~^*(/)A, ast^-oo, 
[Cie~'*V;i) ast^+oo, 
for some non-zero constants Co, C\. 

4.5. Transversality and perturbations. Let a e B'^iY) be a zero of . The 
derivative of the vector field at this point is a Fredholm operator on Sobolev com- 
pletions of the tangent space, 

Because of the blow-up, this operator is not symmetric (for any simple choice of 
inner product on the tangent space); but its spectrum is real and discrete. We 
say that a is non- degenerate as a zero of V if is not in the spectrum. If is a 
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non-degenerate zero, then it is isolated, and wc can decompose the tangent space 
as 

where JCf and IC~ is the closures of the sum of the generalized eigenvectors belong- 
ing to positive (respectively, negative) eigenvalues. The stable manifold of o is the 
set 

Sa = {ro{-/) I 7 e Afioc(K" X Y), lim ^(7) = a}. 

t — ^+00 

The unstable manifold Ua is defined similarly. If a is non-degenerate, these are 
locally closed Banach submanifolds of B^{Y) (possibly with boundary), and their 
tangent spaces at a arc the spaces /C+ and IC~ respectively. Via the map 7 1-^ 70, 
we can identify M[a, b) with the intersection 

A/(a,b) =>San^a- 

In general, there is no reason to expect that the zeros are all non-degenerate. (In 
particular, if bi{Y) is non-zero then the reducible critical points are never isolated.) 
To achieve non-degeneracy we perturb the equations, replacing the Chern-Simons- 
Dirac functional C hy C + f, where / belongs to a suitable class 'P{Y) of gauge- 
invariant functions on C{Y). Wc write q for the gradient of / on C{Y), and q"^ for 
the resulting vector field on the blow-up. Instead of the fiow equation of Lemma 4.1, 
we now look (formally) at the equation 

|7(i) = -V--q^. 

Solutions of this perturbed flow equation correspond to solutions 7 G B'^{RxY) of 
an equation J^q{j) = on the 4-dimensional cylinder. We do not define the class 
of perturbations ViY) here (see [23]). 

The first important fact is that we can choose a perturbation / from the class 
V{Y) so that all the zeros of V -|- q'" are non-degenerate. Prom this point on we 
suppose that such a perturbation is chosen. Wc continue to write M(o, b) for the 
moduli spaces, Sa and Ua for the stable and unstable manifolds, and so on, without 
mention of the perturbation. The irreducible zeros will be a finite set; but as in 
Example 4.2.1, the number of reducible critical points will be infinite. In general, 
there is one reducible critical point ax in the blow-up for each pair (a. A), where 
a = [s, A, 0] is a zero of the restriction of V -|- q to B'^^'^{Y), and A is an eigenvalue 
of a perturbed Dirac operator -D/i.q- The point ax is given by [5, A, 0, (^a] ) where 
(j)x is a corresponding eigenvector, just as in the example. 

Definition 4.4. We say that a reducible critical point a € dB"'(Y) is boundary- 
stable if the normal vector to the boundary at belongs to /C+. We say a is 
boundary-unstable if the normal vector belongs to K,~ . 

In our description above, the critical point a\ is boundary-stable if A > and 
boundary-unstable if A < 0. If a is boundary-stable, then Sa is a manifold- 
with-boundary, and dSa is the reducible locus S^a'^. The unstable manifold Ua 
is then contained in dB''{Y). If a is boundary- unstable, then Ua is a manifold- 
with-boundary, while Sa is contained in the dB'^{Y). 

The Morse-Smale condition for the flow of the vector field + q"^ would ask 
that the intersection Sa O is a transverse intersection of Banach submanifolds 
in B'^iY), for every pair of critical points. We cannot demand this condition, 
because if is boundary-stable and b is boundary-unstable, then Ua and <Sb are 
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both contained in dB'^{Y). In this special case, the best we can ask is that the 
intersection be transverse in the boundary. 

Definition 4.5. We say that the moduli space M{a, b) is boundary-obstructed if a 
and b are both reducible, a is boundary-stable and b is boundary-unstable. 

Definition 4.6. We say that a moduli space M{a, b) is regular if the intersec- 
tion SaCiUii is transverse, either as an intersection in the Banach manifold-with- 
boundary B'^{Y) or (in the boundary-obstructed case) as an intersection in dB'^{Y). 
We say the perturbation is regular if: 

(1) all the zeros of V + cf are non- degenerate; 

(2) all the moduli spaces are regular; and 

(3) there are no reducible critical points in the components B'^iY,s) belonging 
to Spin^ structures s with ci (5) non-torsion. 

The class ViY) is large enough to contain regular perturbations, and wc suppose 
henceforth that we have chosen a perturbation of this sort. The moduli spaces 
M(a, b) will be either manifolds or manifolds-with-boundary, and the latter occurs 
only if a is boundary-unstable and b is boundary-stable. We write M'''*^(a, b) for 
the reducible configurations in the moduli space 

4.5.1. Remark. The moduli space M(a, b) cannot contain any irreducible elements 
if is boundary-stable or if b is boundary-unstable. 

Wo can decompose M(o, b) according to the relative homotopy classes of the 
paths 7(i): we write 



where the union is over all relative homotopy classes z of paths from a to b. For 

any points a and b and any relative homotopy class z, we can define an integer 
gr2(a, b) (as the index of a suitable Frcdholm operator), so that 



whenever the moduli space is non-empty. The quantity gr^(a, b) is additive along 
composite paths. We refer to gr2(a, b) as the formal dimension of the moduli space 



Let W : Yq ^ he a cobordism, and suppose qo and qi are regular pertur- 
bations for the two 3-manifolds. Form the Riemannian manifold W* by attaching 
cylindrical ends as before. We perturb the equations J^{'f) = on the compact man- 
ifold by a perturbation p that is supported in cylindrical collar-neighborhoods 
of the boundary components. The term perturbation p near the boundary com- 
ponent Yi is defined by a t-dependent element of ViYi), equal to qo in a smaller 
neighborhood of the boundary. We continue to denote the solution set of the per- 
turbed equations .?>(7) = by M{W) c B"{W). This is a Banach manifold with 
boundary, and there is a restriction map 



M(a,b) = |jM,(a,b) 



z 




gr2(a, b) + 1, in the boundary-obstructed case, 
gr^{a,b), otherwise, 



M,(a,b). 



ro,i : M{W) ^ B^{Yo) x B^Y^). 
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The cylindrical-end moduli space M{a, W* , b) can be regarded as the inverse image 
ofUa X Sb under ro,i: 

M{a,W*,b) > UaxSb 



M{W) — ^ B^iYo) X B^iYi). 

The moduli space M{a,W* ,b) is boundary-obstructed if a is boundary-stable and 
b is boundary-unstable. 

Definition 4.7. If M{a,W* ,b) is not boundary- obstructed, we say that the mod- 
uli space is regular if ro,i is transverse to Ua x S^- In the boundary-obstructed 
case, M(a, W*, b) consists entirely of reducibles, and we say that it is regular if the 
restriction 

is transverse to Ua x <S(, . 

One can always choose the perturbation p on so that the moduli spaces 
M(a, W*, b) are all regular. Each moduli space has a decomposition 

M{a,W*,b) = [jM,{a,W*,b) 

z 

indexed by the connected components z of the fiber i[(a, b) of the map 
ro,i : S^(W^) -4 B'^(yo) x B^iY^). 

The set of these components is a principal homogeneous space for the group iI^(W, IqU 

Yi; Z). Wc can define an integer 'gs:^\o., W, b) which is additive for composite cobor- 
disms, such that the dimension of the non-empty moduli spaces is given by: 

gr^(a, W, fa) + 1, in the boundary-obstructed case, 
gr^(a, T4^, fa), otherwise. 



dimM^(a,W^*,b) 



4.6. Compactness. We suppose now that a regular perturbation q is fixed. The 
moduli space M{a, b) has an action of M, by translations of the cylinder M x y. We 
write M{a, b) for the quotient by K of the non-constant solutions: 



M(a, b) = { 7 G M(a, b) | ^(7) is non-constant 

We refer to elements of M(o, fa) as unparametrized trajectories. The space Mzia, b) 
has a compactification: the space of broken (unparametrized) trajectories M^(a, fa). 
This space is the union of all products 

(7) M^^{ao,ai) X ■■■ X M^,{ai-i,ai), 

where ao = a, a; = fa and the composite of the paths Zi is z. 

Because of the presence of boundary-obstructed trajectories, the enumeration 
of the strata that contribute to the compactification is more complicated than it 
would be for a Morse-Smale flow. For example: 

Lemma 4.8. If Mz{a,b) is zero-dimensional, then it is compact. If Mz{a,b) is 
one- dimensional and contains irreducible trajectories, then the non-empty products 
(7) that contribute to the compactification M+(a, fa) are of two types: 

(1) products Mzi{a, ai) x Mz^{ai, b) with two factors; 
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(2) products Mzj(a, ai) x Mz2{ai,a2) x Mz^{a2,b) with three factors, of which 
the middle one is boundary-obstructed. 

The situation for the reducible parts of the moduh spaces is simpler. If M^°^(a, b) 
has dimension one, then its compactification involves only broken trajectories with 
two components, 

In [23], gluing theorems are proved that describe the structure of the compact- 
ification M^{a, b) near a stratum of the type (7). In the case of a 1-dimensional 
moduli space containing irreducibles (as in the lemma above), the compactifica- 
tion is a manifold with boundary in a neighborhood of the strata of the first 
type. At a point belonging to a stratum of the second type (with three factors), 
the structure of the compactification is more complicated: a neighborhood of such 
a point can be embedded in the positive quadrant K+ x E+ as the zero set of a 
continuous function that is strictly positive on the positive x-axis, strictly negative 
on the positive y-axis, and zero at the origin. We refer to this structure (more 
general than a 1-manifold with boundary) as a codimension-1 (5-structure. Despite 
the extra complication, spaces with this structure share with compact 1-manifolds 
the fact that the number of boundary points is even: 

Lemma 4.9. Let N = NiL) No be a compact space, containing an open subset 

Ni that is a smooth 1-manifold and a closed complement No that is a finite set. 
Suppose N has a codimension-1 5-structure in the neighborhood of each point of 
Nq. Then \No\ is even. 

4.6.1. Remark. In the case that a is boundary-unstable and b is boundary-stable, 
the space M^ia.b) is already a manifold-with-boundary before compactification: 
the boundary is M^'"*(a, b). 

The moduli spaces Mz{a, W*, b) can be compactified in a similar way. For ex- 
ample, if M^^{a,W* ,b) contains irreducibles and is one-dimensional, then it has a 
compactification obtained by adding strata that are products of either two or three 
factors. Those involving two factors have one of the two possible shapes 

Mzi(a,ai) xM,,(ai,M/*,b) 

M,,(a,W^*,bi) xM,,(bi,b) 

where the o's belong to B"{Yo) and the b's belong to B"{Yi). Those involving three 
factors have one of the three possible shapes 

Mz,(a,oi) X Afz,(ai,a2) x M,,{a2,W*,b) 

(9) M,,(a,ai) x xAf,,(ai, T4^*, bi) x M,3(bi, b) 

Af,,(a,W^*,bi) X Af,,(bi,b2) x A^,3(b2,b). 

In the case of three factors, the middle factor is boundary-obstructed. All these 
strata are finite sets, and the compactification M~^{a,W* ,b) has a codimension-1 
5-structure at each point. 

4.7. Three Morse complexes. Let and £° denote the set of critical points 

(zeros of -h q'^ in B'^{Y)) that are boundary-stable, boundary-unstable, and 
irreducible respectively. Let 

C'{Y), C"(F), C"{Y) 
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denote vector spaces over F, with bases Ca indexed by the elements a of these three 
sets. For every pair of critical points a, b, we define 



|M^(a,b)| niod2, if diniM^(a, b) = 0, 
0, otherwise. 



Prom these, we construct linear maps 

d° : C°{Y) -> C°{Y) 
d° : C°{Y) C-'iY) 

: c"(y) ^ c°(y) 

by the formulae 

bee z 

and so on. The four maps correspond to the four cases in which a space of trajec- 
tories can contain irreducibles: see Remark 4.5.1 above. 

Along with the 72^(0, b), we define quantities nz{cih) using the reducible parts of 
the moduli spaces: 



71^(0, b) 



f |Mf <^(o, b)| mod 2, if d.im.Ml^'^{a, b) = 0, 
lo, otherwise. 



These are used similarly as the matrix entries of linear maps 

Bl -.CiY) ^C\Y) 
a^:C"(F)^C"(y) 
: C"(F) ^ C\Y) 
Bl : C"(F) ^ C"(y). 

Note that the maps 9" and Bf are different. The former counts reducible elements 
in zero-dimensional moduli spaces Af™'^(o, b), where the corresponding irreducible 
moduli space M{a, b) will be 1-dimcnsional. 

Lemma 4.10. We have the following identities: 

d°d^ + d^di: + a^a^^r = o 
a: + a°d: + d^d: + + ay^a: = o. 



Proof. All four identities are proved by enumerating the end-points of all the 

1-dimensional moduli spaces Af+(o, b) that contain irreducibles, using Lemma 4.8 
and Lemma 4.9. In the last identity of the four, the extra term 3" is accounted for 
by Remark 4.6.1. □ 
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Using the reducible parts of the moduh spaces, we obtain the simpler result: 
Lemma 4.11. We have the following identities: 

+ =0 

□ 

Definition 4.12. We construct three vector spaces with differentials, {C{Y),d), 
{C{Y),d) and {C{Y),d), by setting 

C{Y) =C°{Y)®C'{Y) 

C{Y) = C''{Y)(BC"{Y) 

c{Y) = c"^(y) ©c"(y), 



and defining 
d = 



gugs 



d = 



d = 



dj 



The proof that the differentials 9, d and d each have square zero follows by 
elementary manipulation of the identities in the previous two lemmas. We define 
the Floer homology groups 



HM,{Y), HM,{Y), HM^Y) 

as the homology of the three complexes above. Each of these is a sum of subspaces 
contributed by the connected components B'^{Y,5) of B'^{Y), so that 

HM4Y) = ^HM,{Y,s) 

s 

for example. After choosing a base-point, we can grade the complex C{Y,s) by 
Z/dZ, where dZ is the subgroup of Z arising as the image of the map 

^i-^gr^la, a) 

from ni{B'^{Y,5), a) to Z. This image is contained in 2Z and coincides with the im- 
age of the map (2). The • versions of the Floer groups are obtained by completion, 
as explained in Section 2.4. 

To motivate the formalism a little, it may be helpful to say that the construction 
of these complexes can also be carried out (with less technical difficulty) in the case 
that we replace B'^^Y) by a finite-dimensional manifold with boundary, {B,dB). 
In the finite-dimensional case, the complexes compute respectively the ordinary 
homology groups, 

H,{B;¥), H,{B,dB;¥), H,{dB;¥). 

The long exact sequence (1) is analogous to the long exact sequence of a pair 
{B, dB). The maps and arise from maps i, j, p on the chain complexes of 

Definition 4.12, given by the matrices 



t = 



3 = 





^11 



p = 



"5° 




1 
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The exactness of the sequence is a formal consequence of the identities. 

Up to canonical isomorphism, the Floer groups are independent of the choice of 
metric and perturbation that are involved in their construction. As in Floer's orig- 
inal argument [12], this independence follows from the more general construction 
of maps from cobordisms, and their properties. 

4.8. Maps from cobordisms. Let W : Yq ^ Yi he a, cobordism equipped with 
a Ricmannian metric and a regular perturbation p so that the moduli spaces 
Mz{a,W* ,b) are regular. For each pair of critical points a, b belonging to Yq 
and Yi respectively, let 



m^(a,W, b) = 



\M^{a,W*,b)\ mod 2, if dimM^(a, VF*, b) = 0, 
0, otherwise. 



Define mz{a, W, b) for reducible critical points similarly, using M^'^^{a, W* , b). These 
provide the matrix entries of eight linear maps 

m° : C:{Yo) ^ C°iY,) 
m': : C:{Yo) ^ C:{Y,) 

< ■■ c:{Yo) ^ c:{Y,) 

m^:C:{Yo)^C:{Y,) 

and 

ml : CtiYo) ^ CtiY,) 

K--c:iYo)^c:{Y,) 

rn: : ^."(Fo) - C^iY^) 
ml : C:{Yo) ^ C:{Yi), 
with definitions parallel to the those of the maps d° etc. above. For example, 

rnt{ea)= ^ ^ m,(a, b)eb, (a G ^ (Fo))- 
be£^(yi) z 

The bullets denote completion, which is necessary because, for a given a, there are 
infinitely many b for which rh^ ^ may be non-zero for some z. (For a given a and 
b, only finitely many z can contribute.) Again, m" and m" are different maps. 
By enumerating the boimdary points of 1-dimensional moduli spaces M+(a, W*, b) 
and appealing to Lemma 4.9, we obtain identities involving these operators. For 
example, by considering such moduli spaces for which the end-points a and b are 
both irreducible, we obtain the identity 

(10) m°5° + + a«5>° + + my^d", = o. 

The five terms in this identity enumerate the boundary points of each of the five 
types described in (8) and (9). 

We combine these linear maps to define maps 



m{W) 
m{W) 
m{W) 



C,iYo) C,iY,), 
C,{Yo) ^ C,{Yi), 
C,{Yo) ^ (7.(Fi), 
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by the formulae 



m{W) 
m{W) = 



and 



m{W) = 



nig 
ml 



Identities such as (10) supply the proof of: 



Proposition 4.13. The maps m,{W), miW) and m{W) are chain maps, and they 
commute with i, j and p. 



We define HM{W), HM{W) and HM{W) to be the maps on the Floer homology 
groups arising from the chain maps m{W), m{W) and fh{W). 

4.9. Families of metrics. The chain maps rn(T4^) depend on a choice of Ricmann- 
ian metric g and perturbation p on W. Let P be a smooth manifold, perhaps with 
boundary, and let gp and pp be a smooth family of metrics and perturbations on 
W, for p E P. We suppose that there are collar neighborhoods of the boundary 
components Yq and Fi on which all the gp are equal to the same fixed cylindrical 
metrics and on which all the pp agree with the given regular perturbations qo and 
qi. We can form a parametrized moduli space over P, as the union 

M(a, W\ b)p = U W X ^(1' W*, b)p 
p 

C P X Bl,{W*). 

Regularity for such moduli spaces is defined as the transversality of the map 
ro,i : M{W)p ^ B'^(Fo) x B"(Fi) 

to the submanifold ZYo x >St, , with the usual adaptation in the boundary-obstructed 

cases. If P has boundary Q, then we take regularity of M(a, W* , b)p to include 
also the condition that M(a, W* , h)Q is regular. Given any family of metrics gp for 
p & P, and any family of perturbations pg for g e Q such that the moduli spaces 
M(a, W*, b)Q are regular, we can choose an extension of the family p^ to all of P 
in such a way that all the moduli spaces M(a, W* , b)p are regular also. 

Now suppose that P is compact, with boundary Q. For each a and b, define 



m^{a,W,b)p 



\\M^{a,W*,b)\ mod 2, if dimMf (o, VF*, b) = 0, 
1 0, otherwise. 



Use the moduli spaces of reducible solutions to define mz{a, W, b)p similarly. From 
these, we construct linear maps 

miW)p:C,iYo)^C,iYi) 

with companion maps rh{W) p and 7n{W)p. If the boundary Q is empty, then these 
are chain maps, just as in the case that P is a point: the proof is by enumeration 
of the boundary points in the compactifications of 1-dimensionaI moduli spaces 
Mz{a, W*, b)p. (The compactification is constructed as the parametrized union of 
the moduh spaces M+(o, W*, b)p over P.) 
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If Q is non-empty, then the boundary of Mz{a, W*, b)p has an additional contri- 
bution, namely the moduh space Mz{a,W* , b)Q. Identities such as (10) therefore 
have an additional term: we have, for example (one of eight similar identities), 

(11) (m°)^a: + d°Jm°y + a„"a^(m:)p + 5„"«)p9° + (m:^)p5^a° = (m°)Q. 
The maps rh{W)p etc. are no longer chain maps: instead, we have 

dm{W)p + m{W)pd = m{W)Q 

dm{W)p + m(W)pd = m{W)Q 

dm{W)p + m(W)pd = fh{W)Q. 

Thus rh{W)Q is chain-homotopic to zero, and rh{W) p provides the chain-homotopy. 
If we take P to be the interval [0, 1] and Q to be the boundary {0, 1}, we obtain: 

Corollary 4.14. The chain maps rh{W)o and m(W)i from C,{Yo) to Ct{Yi), 

corresponding to two different choices of metric and regular perturbation on the 
interior of W, are chain homotopic, and therefore induce the same map on Floer 
homology. The same holds for the other two flavors. 

4.10. Composing cobordisms. Let W : ^ 12 be a composite cobordism 

W.Yo^Yi^ Y2. 

Equip W with a metric which is cylindrical near the two boundary components as 
well as in a neighborhood of li C W, and let p be a perturbation that agrees with 
the regular perturbations near Yi for i = 0, 1, 2. For each T > 0, let W{T) = W 
be the Riemannian manifold obtained by cutting along Yi and inserting a cylinder 
[— T, T] X Yi with the product metric. We can form the parametrized union 

(12) \J Mz{a,W{Tr,b). 

T>0 

Since the manifolds W(T) are all copies of W with varying metric, this can be seen 
as an example of a parametrized moduli space Mz{a, W*, b)p of the sort we have 
been considering, with P = [0, oo). We add a fiber over T = oo by setting 

W{oo)* = W^UW^, 

a disjoint union of the two cylindrical end manifolds. We define 

M,(o,W^(oo)*,b) 

to be the union of products 

(13) y y M,„(a, W^, c) X M,,(c, W^, b). 

The union is over all pairs of classes z\ with composite z and all c G ^(li)- 
Putting in this extra fiber, we have a family 

Mz{<x,W\b)p= y {T}xM,(a,W^(T)*,b), 

Te[0,oo] 

parametrized by the space P = [0, oo]. The moduli space just defined is a non- 
compact manifold with boundary. The boundary consists of the union of the two 
fibers over T = and T = oo, together with the reducible locus M^'*'^(o, PF*, b)p 
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in the case that the moduh space contains both reducibles and irreducibles. It is 
contained in a compact space 

M+{a,W*,b)p= y {T}xM+{a,W{Ty,b), 

T6[0,oo] 

where for T = oo a typical element of M+(a, W{T)*, b) is a quintuple 

(70,701,71,712,72). 

where 7^ is a broken trajectory for Fj (possibly with zero components) and 701 , 712 
belong to the moduli spaces of Wq and Wi . 

Lemma 4.15. If Mz{a,W* ,b)p is zero- dimensional, then it is compact. If Mz{a,W* , 
is one- dimensional and contains irreducible trajectories, then the compactificaiion 
M^{a,W* ,b)p is a 1- dimensional space with a codimension- 1 S-structure at all 
boundary points. The boundary points are of the following types: 

(1) the fiber over T = 0, namely the space M^ia, W*, b) for W{0) = W; 

(2) the fiber over T = 00, namely the union of products (13); 

(3) products of two factors, of one of the forms 

M,,(a,ai) X M,,{ai,W*,b)p 
M,,{a,W*,bi)pxM,,{bi,b) 

(cf. (8) above); 

(4) products of three factors, of one of the forms 

M^,{a,ai) X M^,(oi,02) x M^,{a2,W* ,b)p 
M,,{a,ai) X M,,{auW*,bi)p X M,,{bub) 
M,,{a, W*, bi)p X M,,(bi, b2) X M,3(b2, b) 
(cf. (9) above); 

(5) parts of the fiber M+(o, W{oo)*, b) over T = 00 of one the forms 

M,,{a,ai) X M,,{ai,W^,c) x M,,{c,W^,b) 
M,, (a, , ci ) X M,, (ci , c) X M,, (c, W^,b) 
M,,{a,W^,c) X M,,{c,W^,bi) X M,,{bi,b), 

where the middle factor is boundary- obstructed in each case; 

(6) the reducible locus M^'^'^{a,W* ,b)p in the case that the moduli space con- 
tains both irreducibles and reducibles (which requires a to be boundary- 
unstable and b to be boundary-stable). 

Following a familiar pattern, we now count the elements in the zero-dimensional 
moduli spaces, to obtain elements of F: 

\M,{a,W*,b)p\ mod 2, if dimM^(a, VF*, b)p = 0, 
0, otherwise, 



Ml'"^{a,W*,b)p\ mod 2, if dimMf'i(a, VF*, b)p = 0, 
0, otherwise. 
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These become the matrix entries of maps 

K ■■ C".{Yo) ^ C",{Y2) 
K^s ■■ C:{Yo) - Ct{Y2) 
K: : C:{Yo) ^ C:iY2) 
K: : Cr(Fo) - Cl{Y2) 

and 

Kl : Cl{Yo) ^ C:(F2) 
: Cl{Yo) ^ C."(y2) 
: C:{Yo) ^ C:(y2) 
: C:{Yo) ^ C."(y2), 

just as we defined to° and its companions. From Lemma 4.15 and Lemma 4.9 we 
obtain identities involving these operators, as usual. For example, as an operator 
C°(Fo) ^ C°{Y2), we have 

<m + m°(Wi)m°(Wo) + Kdl + d"oK + K^Bld", + d^K^dl + d^dt^K^ 

+ mJ^(WiX(W-o)9? + ml{Wr)dlm°{Wo) + 5>:(Wi)m:(Wo) = 0. 

The ten terms in this identity correspond to the ten possibilities listed in the first 
five cases of the lemma above. (The final case of the lemma does not apply.) 
We combine the pieces K° etc. to define a map 

k:C,{Yo)^C,{Y2) 

by the matrix 

X? K:idi + m^,{W^)mi{Wo) + d:iki 

Kl + K^B^^ + m«(W^i)m^(Wo) + 5,"^^. " 

Proposition 4.16. We have the equality 

dk + kd = 7h{Wi)m(Wo) + m(W) 

as maps C,(Yq) — > C,(y2)- At the level of hom,ology therefore, we have 

HM{Wi) o HM{Wo) = HM{W). 

There are similar identities for the other two flavors of Floer homology. 

Proof. The chain-homotopy identity is a formal consequence of the ten-term 
identity above, together with its seven companions and the corresponding identities 
for the d and m operators. □ 

4.11. The module structure. We describe now a way to define the F[?7]-moduIcs 
structure on Floer homology. A different and more general approach is taken in 
[23] , but the result is the same, and the present version of the definition (based on 
[8]) is simpler to describe. Let : Fo ^ be a cobordism, and let wi, . . . ,Wp E W 
be chosen points. Let Bi,. . . ,Bp be standard ball neighborhoods of these points. 
The space B'^{Bq) is a Hilbert manifold with boundary; and because it arises as a 
free quotient by the gauge group Q of maps u : Bq ^ , there is a natural 

line bundle Lq on B'^{Bq) associated to the homomorhpism u i-^ u{wq) from Q to 



K = 
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Because of unique continuation, there is a well-defined restriction map 

rg : M{W) ^ 

and hence also 

:M(a, W*,b)^B%Bq), 

for all a and b. Let Sq be a smooth section of Lq, and let Vq C B'^{Bq) be its 
zero set. Omitting the restriction maps that are implied by our notation, we now 
consider the moduli spaces 

M,(a, W*, {wu..., wp}, b) c M,(o, W*, b) 

defined as the intersection 

M^{a, w*,b)nVi r\---nVp. 

We can choose the sections Sq so that, for all o and b, their pull-backs of si, . . . , Sg 
to M(a, W*, b) have transverse zero sets. The above intersection is then a smooth 
manifold. 

We repeat verbatim the construction of the chain maps m{W), m{W) and m{W) 
from Section 4.8, but replacing Mz{a, W* , b) by the lower- dimensional moduli space 
Mz{a, W*, {wi, . . . , Wp}, b) throughout. In this way, we construct maps that we 
temporarily denote by 

HM{W, {wi, . . .,wp}) : HM,{Yo) HM,{Yi), 

with similar maps for the other two flavors. As a special case, we define a map 

U : HM,{Y) HM,{Y) 

by taking p = 1 and taking W to be the cylinder [0, 1] x Y . The proof of the 
composition law for composite cobordisms adapts to prove that is equal to the 
map arising from the cylindrical cobordism with p base-points; and more generally, 

HM{W,{wi,...,Wp}) = UPHMiW), 

(a formula which then makes the notation HM{W, {wi, . . . , Wp}) obsolete). 

4.12. Local coefficients. There is a variant of Floor homology, using local coeffi- 
cients. We continue to work over the field F = Z/2, and we consider a local system 
of F- vector spaces, F on B'^{Y). This means that for each points a in B'^{Y) we 
have a vector space Fa over F, and for each relative homotopy-class of paths z from 
o to fa we have an isomorphism 

T{z) : Fa ^ F,. 

These should satisfy the composition law = F^^ o F^^ for composite paths. 

Given such a local system, and given as usual a Ricmannian metric and regular 
perturbation for Y, we introduce vector spaces C°{Y;r), ^{Y-jT) and C"(F;F), 
defining them as 

o 

where the sum is over all critical points in B^{Y) that are irreducible, boundary- 
stable or boundary-unstable respectively. We define a map d° : C''{Y;T) —> 
C°{Y;T) by the formula 
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where nz{a, b) is defined as before. This map, along with its companions 9° etc., 
are then used to define the differential 

d : C{Y;T) ^ C{Y;T) 

for the complex C{Y; T) = C°{Y; r)©C*(F; F). Proceeding as before, wc construct 
the Floer group HM,{Y; T), and also its companions HM,{Y; T) and HM,{Y; T). 

Let W : Yo ^ Yi now be a cobordism, and suppose local systems Fj are given 
on for i = 0, 1. The restriction maps 

ri:B%W)-^B-{Yi), {i = 1,2) 

arc only partially defined, but the pull-backs r*{Ti) provide wcU-dcfincd local sys- 
tems on B'^{W). This is because a local system F on B'^iY) is, in a canonical way, 
the pull-back of a local system on Biy), and the restriction maps to B{Yi) are 
everywhere defined. 

Definition 4.17. A W -morphism from the local system Fq on B'^{Yq) to the local 
system Fi on B'^(Y\) is an isomorphism of local systems, 

Given a in B'^{Yq) and b in B'^iYi), and given a choice z of a connected component 
in r(7i(a, b), a PF-morphism provides us with an isomorphism 

which behaves as expected with respect to composition on either side with paths 
in B^iXi). We can use Tw to define maps 

m°:C°(ro;ro)^C°(ri;Fi), 

and so on, just as in Section 4.8 above: for example, we define 

<(e)= E l]mz(a,W^,b)Fty(z)(e), (e G Fo,„). 

The result is a map 

HM{W;Vw) ■ HM,{Yo;To) ^ HM,{Yi;Ti), 

with companion maps on HM and HM. The proof of independence of the choice 

of metric and perturbation on W , and the proof of the composition law (with the 
obvious notion of composition of VF-morphisms) , carry over with straightforward 
modifications. 

4.12.1. Support of local systems. Let y be a three-manifold, and fix an open subset 
M C Y. There is a partially-defined restriction map pM ■ B'^{Y) B°'{M). A 
local system F over B'^{M) induces a local system p^(F) over B'^{Y) by pull-back. 
(The fact that the pm is only partially defined is again of no conequence, as above.) 

Definition 4.18. A local system over B'^iY) which is obtained as the pull-back of 
one over B^{M) is said to be supported on M. 

Similarly, suppose we have a cobordism W : Yq — > Yi , equipped with an open 
set B CW, and let Mo= BDYq and Mi = BnYi. Let Fq and Fi be local systems 
on the Mi. Again, we have partially-defined restriction maps 

po:B^{B)-^B^{Mi), {i = 1,2) 
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which induce well-defined local systems pl{Ti). over B'^{B). A i3-morphism of 
local systems is an isomorphism 

of local systems over B^{B). Using the restriction map 

p: B^iW) B^iB), 
we can pull back a B-morphism of local systems to obtain a PF-morphism 

P*Bi^B): ro(/?o(ro)) > rKpliTi)). 

Such a VK-morphism is said to be supported on B. 

4.12.2. Example. Let 77 be a C°° singular 1-cycle in Y with real coefficients. Given 
a relative homotopy class of paths z from a to b in B'^{Y), let us choose a repre- 
sentative path z, and let [A^, s, (pz] be the corresponding element of B'^{[0, 1] x Y). 
Define 

.Uz) = {i/2tt) [ Fa.. 

J[0,1]X77 

This depends only on r] and z. 

Let K be an integral domain of characteristic 2, and let 

be a homomorphism from the additive group R to the multiplicative group of units 
in K. We can construct a local system on B'^{Y) by declaring that F^^q is K for 
all 0, and that 

is multiplication by the imit in . For dcfinitcncss, we henceforth take IK 

to be the field of fractions of the group ring F[M], and n to be the natural inclusion 

Now let W -.Yq ^Yihe a, cobordism, let 770, ?7i be 1-cycles as above, and let F^, 
be the corresponding local systems. Suppose we are given a C°° singular 2-chain v 
in W, with 

dv = rii- riQ. 

Given a component z in r^i(a, b), we choose a representative [A^, s, (j)z] in B'^{W), 
and we extend our notation above by setting 

U{z) = {i/2TT) [ Fa^. 

J V 

We can define a W^-morphism Vw,v '■ — > by specifying that the isomorphism 

is given by multiplication by p.{fi,{z)). There are corresponding maps 

HM{W;Tw,.) : HM,{Yo;Tr„) ^ HM,{Yv,Tr„) 

HM{W;Tw,.) : HM,{Yo;Tr„) ^ HM,{Yv,TnJ 

mi{W;Tw,.) :Tn^.{Yo-,Tr,J ^HM,{Yv,Tr,J 

Wc can consider these constructions as defining functors on an extension of our 
cobordism category. We have a category whose objects are pairs (Y,r]), where Y 
is a 3-manifold (compact, connected and oriented as usual) and r/ is a C°° singular 
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1-cycle with real coefBcients. The morphisms are diffeomorphisni classes of pairs 
{W, f), where 1/ is a 2-cycle and dv = r)i — rjo- 

From the definitions, it follows that if 9 = v + 86 for some C°° 3-chain 9, then 
Tw,^ and rw,p are equal. As a consequence, there are isomorphisms (for example) 

whenever [rj] = [r]'] in Hi{Y;R). However, to specify a particular isomorphism, 
one must express 77 — 77' as a boundary. Indeed, suppose that dvi = r] — t]' = du2, 
then the two isomorphisms differ by the automorphism which on _ffM,(Y, t; F,,) is 
given by multiplication by /U,((ci(t), [v — i''])). In particular, when F is a rational 
homology three-sphere and 77 is a cycle, then there is a canonical identification 

HM{Y; Tr,) = HM{Y) K. 

If the 1-cyclc rj is contained in M C F, then the local coefficient system F^ is 
supported on M, in the sense of the definition above. Moreover, suppose W: Yq ^ 
Yi is a cobordism, B c is an open set with Mj = B CiYi, and rji are 1-cycles in 
Mj. Let be a 2-cycle with dv = rjx—rjQ. Then the PF-morphism Tw,v '■ — > F^^ 
is supported on B ii v is contained in B. 

We conclude this section by noting the following result. (The only particular 
property of our choice of K and ^ that is used here is the fact that 1 — /x(t) is a 
unit, for all non-zero t.) 

Lemma 4.19. // [rj] is non-zero in iJi(y;R), then HM ,{Y;T^) = and hence 
: HMt{Y\Tr^) HM»{Y;Tr^) is an isomorphism. 



Proof. If ci(s) is non-torsion, there are no reducible critical points, so HM,{Y; F^) 
has contributions only from those s with torsion first Chern class. For each such s, 
the space of reducibles in B{Y,5) has the homotopy type of the torus H^{Y; R)/H^{Y; Z), 
for it deformation-retracts onto the torus T of Spin'^ connections ^ in S" with 
Fj^t = 0. The lemma is a consequence of the fact that the ordinary homology 
group Ht,{T;Trj) with local coefficients is zero. Details are given in [23]. □ 

4.13. Duality and pairings. Along with the chain complex {C*{Y),d) and its 
companions, we have the corresponding cochain complexes, 

{C*{Y),d*), {C*{Y),d*), {C*{Y),d*), 

and the monopole Floer cohomology groups HM*{Y), HM*{Y), HM*{Y). These 
are modules over V\U], with U now acting with degree 2. To form the • versions 
HM'iY), we should now complete in the direction of increasing degree, so that 
they again become modules over F [[[/]]. We can do the same with local coefficients, 
and we have non-degenerate pairings of IK- vector spaces 

(14) HM^{Y-T-r,)>^HMj{Y;Tr,)^K, 

for any C°° real 1-cycle 77. 

Let —Y denote the oriented manifold obtained from Y by reversing the orien- 
tation. The spaces B'^{Y) and B'^{—Y) can be canonically identified, though the 
change of orientation changes the sign of the functional C, and so changes the vector 
field to — V^. If q is a regular perturbation for Y, we can select — q as regular 
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perturbation for —Y. The notion of boundary-stable and boundary-unstable are 
interchanged when the vector field changes sign, so we have identifications 

€%Y) = G:"(-y) 
= £^{-Y). 

The moduli space M{a, b) for the cylinder R x y is the same as the moduli space 
M{b, a) for the cylinder Mx {—Y). So the operator d° on —Y, for example, becomes 
(9")* for Y . In this way, the boundary map d for —Y becomes the operator d* for 
Y, and so on. Thus we obtain the following proposition, which we state also for 
local coefficients. 

Proposition 4.20. There are canonical isomorphisms 

D : HMj{-Y) HMj{Y) 

D : HMj{-Y) HMj{Y) 

D : HMj(-y) ^ TlM^iY). 

If T] is a real 1-cycle in Y, and the corresponding local system with fiber K, then 
there are also isomorphisms 

D : HMj{-Y;rrj) HM^Y:T,,) 

D : HMj{-Y;Tr,) HM^{Y;V^) 

D : ffliJj(-r;r^) -^TlM^{Y-Tr,). 

Here j belongs to the grading set J{Y), which we can identify canonically with 
J{—Y), because the notion of an oriented 2-plane field on Y makes no reference to 
the orientation of the manifold. 

Note that the canonical identification J{Y) = J{—Y) does not respect the action 
of Z: there is a sign change, so j+n becomes j — n if the orientation of Y is reversed. 

If we combine the isomorphisms D with the pairing (14), we obtain a non- 
degenerate pairing of vector spaces over F, 

( - , - )d : HM,{-Y) X HM^Y) ¥. 

With local coefficients, there is a non-degenerate pairing of vector spaces over K: 

( - , - )d : HM,{-Y; r_^) x HM,{Y; T^) ^ K. 

AAA. Calculations for lens spaces. Let Sp{U) be the lens space obtained by 
integer surgery on the unknot, for some p > 0, and let W{p) : Sp{U) —* be the 
surgery cobordism, as described in Section 3.1. Corollary 3.4 states that the map 

(15) HM{W{p),5n,p) : HM,{Sl{U),in,p) ^ M.(5'^) 

is an isomorphism if < n < p, an assertion which is equivalent to the calculation 
of the Fr0yshov invariant of {Sp{U), tn,p) as given in Proposition 3.1. We shall now 
provide a proof of this result. 

Recall that we have injective maps 

p. : HM.{S^{U),in,p) HM.{S^{U),in,p) 
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because these 3-manifolds have positive scalar curvature for their standard metrics, 
c.f. Proposition 2.2. The complex ^^(^^(f/)) can be described using the material of 
Example 4.2.1. In B{Sp{U), In.p), we have a unique critical point a = [0, An, 0], with 
flat. After a choice of small perturbation, we can assume that the perturbation 
-DA„,q of the Dirac operator Da„ has simple spectrum; and there is then one non- 
degenerate critical point ax in the blow-up B'^(Sp{U), t„_p) for each eigenvalue A of 
DAn,q- The differentials in the Floor complexes arc all zero, and we have 

A 

The image p^HM^{Sp{U),tn,p) is the subspace 

d(5p'(C/),t„,p) = 0Fe„,, 

A<0 

which is generated as an F[?7]-modulc by the clement ^ , where A_i is the 
first negative eigenvalue. Let b^_j similarly denote the critical point in B'^{S^) 
corresponding to the generator of p, HM^ (5^ ) ; so /Lt_ i is the first negative eigenvalue 
of the perturbed Dirac operator on S^. 

The assertion that the map (15) is surjective is equivalent to the assertion that 

The moduli space Ml^'^^{a\_^ ,W {p) , b/n_J can be identified with the space of equiv- 
alence classes of pairs [A, (/)] , where 

• A is a Spin'^ connection for Sn,p on W{p)*, satisfying F^^ = and such that 
A* is asymptotic to a flat connection on both ends; and 

• (/) is a section of 5+ on W{p)* satisfying a small-perturbation of the Dirac 
equation D\^^(l) = and having asymptotics 

|<^| = 0(e-^-*), t^-oo, 
|</,| = 0(6-"-!*), t^+oo, 

on the two ends of W{p)*. 

(The equivalence relation is generated by the action of gauge treansformations and 
scaling </> by non-zero complex scalars.) 

The connection A satisfying the first condition is unique up to gauge transforma- 
tion. Given A, the spinors <I> satisfying the second condition form an open subset 
of a projective space of complex dimension 2d, where d is the index of the Dirac 
operator D\ on W{p)*. The moduli space is a point if = 0. So the surjectivity 
of (15) is eventually equivalent to the next lemma. 

Lemma 4.21. Let A be a Spin'^ connection for a Spin*^ structure s on W{p)* , and 
suppose that that F^t is anti-self-dual and is asymptotically zero on both ends. Then 
the index of the Fredholm operator 

D+ : Ll^{W{pr,S+)) - L\W{pr,S-) 

is zero if the pairing o/ci(s) with a generator h of H2{W{p);Z) satisfies 

-p< {ci{s),h) <p. 
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Proof. If we change the orientation of W{p), make a conformal change, and add 
two points, we obtain a Kahler orbifold W, the weighted projective space obtained 
as the quotient of \ {0} by the action of C* with weights (1, Because of 
its conformal invariance, we can equivalently study the index of the Dirac operator 
on W. Let the Kahler form to be normalized so as to have integral 1 on h, and let 
Lk be the orbifold line bundle on W with curvature ci{Lk) = k[uj]. Let Sq be the 
canonical Spin" structure (which has ci(5o) = —{p + 2)[co]) and let Sfe be the Spin'' 
structure on W obtained by tcnsoring Sq with L).. Let A), be a Spin'' connection 
for Sfe compatible with the holomorphic structure. 

The kernel of is isomorphic to the orbifold Dolbeault cohomology group 

H°'°{W;Lk)(BH°'^{W;Lk). 

If fc < 0, then H^'^ vanishes because Lk then has negative degree. If fc > — p — 2, 
then H'^'^ vanishes, by Serrc duality. So the kernel of the Dirac operator is zero 
for — p — 2 < fc < 0; or equivalently —p — 2 < Ci{Sk) < p + 2. The cokernel is 
H°'^{W; Lk), which vanishes for all fc. □ 



5. Proof of the surgery long exact sequence 

We return to the notation of Theorem 2.4. Before starting the proof in earnest, 
we explain the simple argument which shows that the composites HM,{Wn+i) o 
HM,{Wn) are zero. We use the composition law to equate this map to HM{Xn), 
where X„ is the composite cobordism, 

from Yn to Yn+2- Recall that each cobordism Wn arises from the addition of a 
single 2-handle. The core of the 2-handle in Wn+i attaches to the cocore of the 
2-handle in W„ to form an embedded 2-sphere, 

En C Xn. 

This sphere has self- intersection number —1, and the boundary Sn of a tubular 
neighborhood of En is an embedded 3-sphere, giving an alternative decomposition 

Xn = Bni^SrrZn, 

where here i?„ is another cobordism from Yn to Yn+2 (obtained by a two-handle 
addition), punctured at point, and Z„ is the tubular neighborhood. (See Figure 1 
for a schematic sketch oi Xi.) 

There is a diffeomorphism r : Xn Xn which is the identity on i?„ with 

T^En] = -[En] 

in H2{Xn;'^)- If s is a Spin'' structure on Xn, then (ci(s), [En]) is odd; so r acts 
on Spin''(X„) without fixed points. We can write 

HM{Xn) = J2HM{Xn,s), 

s 

and by diffeomorphism-invariance, the contributions from s and t*(s) are equal. 
Since F has characteristic 2, the sum vanishes. 

The proof that the sequence is exact is considerably harder than the proof that 
the composites are zero. We use the following straightforward result from homo- 
logical algebra. 
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Figure 1. Breaking up the composite. This indicates two 

ways of breaking up the composite cobordism Xi . Y2 separates Xi 
into Wi and W2, while 5*1 separates it into Bi and Zi. 

Lemma 5.1. Let {Cnlnez/sz be a collection of chain complexes over Z/2Z and let 

{fn- Cn >■ C'n+l}neZ/3Z 

be a collection of chain maps with the following two properties: 

(1) the composite fn+i ° fn '■ (^n — ^ is chain-homotopic to zero, by a 
chain homotopy Hn: 

do Hn + Hnod = fn+i o /„; 

(2) the sum 

V'n = fn+2 ° Hn + -ffn+l ° fn - Cn > C„ 

(which is a chain map) induces isomorphisms on homology, (tjjn)* ■ H*{Cn) 

Then the sequence 

y H,{Yn-i) '^^^* 'H* H,{Yn+i) ^ • • • 

is exact. 

We wish to apply the lemma to the chain maps m(H^„); and while we know that 
the composites 7fi(W„+i)rh(W„) induce the zero map on Floer homology, we need 
an explicit chain-homotopy in order to apply the lemma. That is our goal in the 

next subsection. 

5.1. The first chain homotopy. We now construct the required null- homotopy 
of m(W„+i)7fi(W„). Take n = 1, and equip Xi with a metric g which is product- 
like near both the separating hypersurfaces Y2 and Si. From this, we construct a 
family of metrics (3(5*1, 12) parametrized by T € R as follows. When the parameter 
T for the family is negative, we insert a cylinder [T, — T] x S\ normal to S\ , and 
when it is positive, we insert a cylinder [— T, T] x Y2 normal to Y2. We can arrange 
that the metric on has positive scalar curvature and is close to the round metric. 
There is a corresponding parametrized moduli space 

M,{a,Xlh)Q. 
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As in Section 4.10, we can complete the family of Riemannian manifolds: at T = 
—00 we obtain the disjoint union 

Xi(-oo)* =Bi*nZi*, 

and at T = +0O we obtain 

Xi{+oo)* =W^UW^. 

The manifold has three cylindrical ends. There is now a moduli space 

M,{a,Xlb)Q^Q{SuY2) 

over Q{Si,Y2) = [—00,00] and its compactification M+(a, Xj*, b)^, involving bro- 
ken trajectories. 

Define quantities mz{a,Xi,b)Q e F by counting elements in zero-dimensional 
moduli spaces Mz{a, X^ ,b)Q in the now familiar way, and define fhzia, Xi,b)Q 
similarly, using M™'^(a, Xj*, b)Q. We use these as the matrix entries of the linear 
map 

(16) : C"{Y,) ^ C"{Ys) 

and its seven companions H°, H", iJ", H^, H^, and H^: and from these we 
construct a map Hi by the same formula that defined the chain-homotopy K in 
Section 4.10: 



Hi = 



H^ H^d^^ + m-{W2)fhl{Wi) + d^H^ 
H° Hl + H^di + m^,{W2)ml{Wi) + d^Hi 



Proposition 5.2. // the chosen perturbation on Si = is sufficiently small, then 

we have 

doHi+Hiod = m{W2) o m{Wi) 
as chain maps from C,{Yi) to C,{Ys). 

Proof. The formula closely resembles the formula involving K from Proposi- 
tion 4.16. The chain homotopy K was defined using the family of metrics parametrized 
by the positive half, [0, 00], of the family Q. The fiber over T = contributed the 
extra term m{W) in the previous formula. 

To prove the present proposition, wc proceed as before, obtaining identities in- 
volving H° and its companions by examining 1-dimcnsional moduli spaces Af +(a, X^, b)g 
and counting their boundary points. The new phenomena occur in examining the 
fiber of T = —00. 

A typical element of M+(o, X^, b)^ in the fiber over T = —00 is a quintuple 

(7Yi,7s;i,7y3>7Bi,72i), 

where the first three are broken trajectories on the corresponding cylinders (each of 
these may be empty) and and are solutions on the corresponding cylindrical- 
end manifolds. 

To understand which of these decompositions occur, we must understand the 
Floer complex for the three-sphere Si. Since the has positive scalar curvature 
and is simply-connected, there is a unique (reducible) critical point in B{Si). After 
a small perturbation, the critical points in B'^{Si) still lie over a single reducible 
configuration. We label these critical points in B'^{Si) as ax^, where Ai are the 
eigenvalues of a self-adjoint Predholm operator obtained as a small perturbation of 
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the Dirac operator on S^. (See Example 4.2.1.) We assume that the are strictly 
increasing as i runs through Z and that Ao is the first positive eigenvalue: 

(17) • • • A_2 < A_i < < Ao < Ai < • • • . 

It is a consequence of this description that 75^ a priori live in cvcn-dimensional 
moduli spaces. In fact, by counting dimensions, we see that the trajectories jSi in 
this fiber are empty. 

Wc claim that the possibilities for jzi come in pairs. Specifically, regard Zi as a 
manifold with boundary 5*1 (so that — is a boundary component of Bi). For each 
critical point, we have moduli spaces Mz(Zi, OaJ- The choice of z is equivalent in 
this instance to a choice of Spin'^ structure s on Zi, which in turn is determined 
by its first Chern class. We write Zk for the component corresponding to the Spin'^ 
structure s with (01(5), [Ei]) = 2k — 1. 

Lemma 5.3. The following hold for a sufficiently small perturbation on Si. 

(1) The moduli spaces Mz{Zi, oaJ contain no irreducibles. They are empty for 
i > 0. 

(2) For i < 0, the moduli space Mz^{Zi, a^J consists of a single point when it 
has formal dimension equal to zero. 

(3) The formal dimensions of Mz^{Zi,ax-) and Mz^_^{Zi,a\i) are the same. 

Proof. The formal dimensions of all the moduli spaces Mz^{Zi,a\Q) are the 

2 

same as the moduli spaces for the corresponding Spin*^ striictures over CP . It 
follows that the formal dimension of Mzk{Zi,a\-) is —k{k — 1) — 2i — 1 if i > 0, 
and —k{k — 1) — 2z — 2 if i < 0,. Thus, the formal dimensions of all the moduli 
spaces Mz{Zi, a\-) with i >0 are negative, and those moduli spaces are therefore 
empty. If i < 0, then ax^ is boundary-unstable, so the corresponding moduli space 
contains no irreducibles. That the zero-dimensional moduli spaces are points is the 
same phenomenon that underlies Proposition 2.7. Specifically, The last statement 
is a consequence of the diffeomorphism t : Zi ^ Zi which is the identity on the 
cylindrical end and sends [Ei] to —[Ei]. □ 

From the lemma, it follows that the number of end-points of a 1-dimensional 
moduli space M+(a, Xj*, b)Q which lie over T = —00 is even. The identities which 
we obtain from these moduli spaces are therefore the same as the identities for K° 
etc. in Section 4.10, but without the term from T = 0. For example, we have 

m:{Wi)m:iWo) + + d^H^ + Hy^d: + d^Kd: + d^B^H: 

+ ml{Wi)ml{W^)d': + ml{Wi)d^^m1{Wo) + 5,"<(iyi)m°(iyo) = 0. 

The chain identity in the proposition follows from this identity and its companions. 

□ 

5.2. The second chain homotopy. Proposition 5.2 gives us the first chain homo- 
topy required by Lemma 5.1. Our next goal is to to construct the second homotopy 

required by the lemma. This will be constructed by counting points in moduli 
spaces associated to a two-parameter family of metrics on a four-manifold. 
Specifically, consider the four-manifold Vi obtained as 

Vi = Wi LIY2 W2 Urs W3. 
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This four-manifold contains the 2-sphcres Ei and E2, and the 3-spheres Si and 
S2 which bound their tubular neighborhoods. The spheres Ei and E2 intersect 
transversely in a single point, with intersection number 1. The 3-spheres Si and 
^2 intersect transversely in a 2-torus. Let A''i be a regular neighborhood of Ei U E2 
containing the 3-spheres and 5*2. The boundary of A^i is a separating hyper- 
surface Ri in Vi, diffeomorphic to S^ x S^. The manifold A^i is diffeomorphic 
to the complement of the neighborhood of a standard circle in CP , and gives a 
decomposition 

Vi=UiUr,Ni. 

The manifold Ui is obtained topologically by removing a neighborhood of the curve 
{0} X K from the cylindrical cobordism [—1,1] x Yi, where K is the core of the 
solid torus 5^ x D"^ that was used in the Dehn filling to create Yi. 

In all, wc have five separating hypersurfaces Y2 , Ri , Y^, S2, and Si , as pictured 
in Figure 2. These are arranged cyclically so that any one intersects only its two 
neighbors. For any two of these surfaces, say S and 5', which do not intersect, we 
can construct a 2-parametcr family of metrics P{S, S') parametrized by M"*" x 
by inserting cylinders [—Ts,Ts] x S and [—Ts',Ts>] x S'. In the usual way, we 
complete this family to obtain a family of Riemannian manifolds over the "square" 

P{S,S') ^ [0,00] x [0,00]. 

There are five such families of metrics, corresponding to the five pairs of disjoint 

separating surfaces. The squares fit together along five common edges, correspond- 
ing to families of metrics where just one of the lengths Tg is non-zero. In this way 
we set up a two-parameter family of metrics P = P{Ri, Y2, 13, Si, S2), as the union 
of five squares P{S, S"), as shown in Figure 3. For each of the five hypersurfaces S, 
there are two edges of P where Tg = 00. We denote the union of these two edges 
by Qs. Thus, 

dP = Qs^ U Qy, U Qy, U U Qr, . 

By a small adjustment, we can arrange throughout the family that the metrics on 
Ri, Si, and ^2 are standard. 




Figure 2. Breaking up the triple-composite 
the five hypersurfaces which separate Vi . 



This indicates 
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Q(Y3) 




Figure 3. The two-parameter family of metrics. This is 
a schematic illustration of the two-parameter family of metrics P, 

parameterized by a pentagon. The five regions parameterize the 
five two-parameter families of metrics where the metrics are varied 
normal to two of the five three-manifolds. Any two two-parameter 
families meet along an edge which parameterizes metrics where 
only one of the five three-manifolds is pulled out. The five edges 
on the boundary parameterize metrics where one of the five three- 
manifolds is stretched completely out. 



For each pair of critical points a, b in €{Yi), we now have a (parametrized) 
moduh space Mz{a, V{ , b)p and its compactification M+(a, V{ , b)p. If this moduli 
space is zero-dimensional, then it is compact. As usual, we define quantities 

m^(a,Vi,b)p, m^(o,yi,b)p 

by counting points (mod 2) in zero-dimensional moduli spaces Mz{a,Vi ,b)p and 
M|®^(a, V^, b)p respectively. These are the matrix entries of maps such as 

and its seven companions G°, G", G", G*, G^, G" and G^. 

Now suppose that Mz{a,Vi ,b)p has dimension 1. In the first instance, let us 
suppose that a and b are in €.°{Yi). As in the earlier settings, we will obtain an 
identity 

Al = 

for an operator A° : C^{Yi) — > C°{Yi) by enumerating mod 2 the endpoints of the 

compactification M^(a,Vi, b)p, and summing over all a, b and z. First, there are 
the endpoints which lie over the interior of P C .P. These arise from strata with 
either two factors, 

M^,{a,ai) X M^^{ai,V{,b)p 
M,,(a,yi*,bi)pxM,,(bi,b), 
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or three; 

M^i(o, oi) X M^,(oi, 02) X M,,{a2, Vj^', b)p 
M^,(a,Oi) X M^,(ai,yi*,bi)p x M^,{bi,b) 
M^,{a,Vi*,bi)p X M^,(bi,b2) x M^3(b2,b), 

just as in Lemma 4.15. In the case of three factors, the middle one is boundary- 
obstructed. Together, these terms contribute 

(18a) G°a„° + 9°G° + a:a^G° + d^Gid" + G^^Bid" 

to the operator The remaining terms of A° come from boundary points in the 
moduh space that lie over one of the five parts Qs of the boundary dP. In the case 
that S — Si or 5*2, the contribution from Qs is zero. This is because when Tg^ or 
becomes infinite, the manifold V\ splits off either Zl or Z2, so we can apply 
Lemma 5.3 to see that the total number of endpoints over Qs^ and Qs^ is even. 
(This is the same mechanism involved in the proof of Proposition 5.2.) 

Next we analyze the endpoints which lie over Qy^- When Ty^ = 00, the manifold 
V* decomposes as a disjoint union X* U , where X* is the composite cobordism 
above. In the family parametrized by Qys, the metric on 14^3 is constant, while 
the family of metrics on the component is the same family Q that appeared 
as Q{S-i,Y2) in Section 5.1. Endpoints lying over the interior part of the edge, 
Qy3 C Qy3 may belong to strata with two factors, which have the form 

M,,(a,xr,ai)Q xM,,(ai,W3*,b); 

or they may belong to strata with three factors, one of which is boundary ob- 
structed, as in case 5 of Lemma 4.15. Altogether, these terms contribute four 
terms to A°, 

(18b) m°(iy3)K(Xi) + m:iiWsmXi)d° 

+ m:{W3)d:,H^iXi) + d:rhi{Ws)H::ix,) 

where the operators H* = H*{Xi) are those defined at (16). The contributions 
from endpoints lying over Qy^ are similar: we obtain 

(18c) H",iX2)m"M + H:{X2)fhliWi)d", 

+ if«(X2)a>°(VFi) + 5«5^(X2)m^(iyi). 

There is also one possible type of endpoint that occurs at the vertex of P where 
Qy-g and Qy^ meet: these lie in a moduli space 

M,,(a,I^i*,ai) X M,,{ai,W^, a2) x M,,{a2,W^,b), 

where the middle factor is boundary-obstructed. These contribute a term 

(18d) m'i{W3)fhl{W2)m",{Wi) 

to A°. 

When = 00, we have a decomposition of V{ into two pieces 

iVi* u U^, 

where Ui and Ni are as above. The manifold has three ends. We regard Ui 
as a cobordism from Ri 11 Yi to Yi , and A''i as a manifold with oriented boundary 
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Ri. The 1-parameter family of metrics Qr^ is constant onUi, and we have moduh 
spaces 

M,{Ni,a')Q and M^(a', a, C/f, b) 

or a' G £(-Ri) and a, b G ^(Yi)- Here Q = [-00, 00] is the family of metrics Q{Si,S2) 
on Ui which stretches along when T is negative and ^2 when T is positive. On 
A^i wc can count points in zero-dimensional moduli spaces Mz{Ni,a')Q, and so 
define elements 

ris G Ct{Ri), 
no G C°(i?i) 
% G 

n„ G C:iRi). 

(The last two count points in zero-dimensional moduli spaces M^'"^(A''i, 0').) The 
situation simplifies slightly, on account of the following lemma. 

Lemma 5.4. // the perturbation on Ri is sufficiently small, then there are no 
irreducible critical points ( so Uq is zero ), and no irreducible trajectories on M x _Ri . 
The perturbation can he chosen so that the one- dimensional reducible trajectories 
come in pairs, so 9|, d^, 9" and are all zero. The invariant fis is zero also. 

Proof. We postpone the proof to Section 5.3 below, where we also calculate 
n„. □ 

The zero-dimensional moduli spaces Mz{a', 0, Ui, b) provide the matrix entries 

of maps 

: ® C°(Fi) ^ C:{Y^) 

as well as m"", m"° and m"", while the reducible parts of those moduli spaces define 
fhl^, m**, m*", m^", m"**, m^*, m"" and m™. Of these eight maps defined by 
zero-dimensional moduli spaces of reducible solutions, the maps mj**, and fh^^ 
arise from boundary-obstructed moduH spaces. The moduli spaces Mz{a', a, Ui, b) 
contributing to fh^ are doubly boundary obstructed (or boundary obstructed with 
corank 2, in the notation of [23]): these zero-dimensional moduli spaces have formal 
dimension gr^(o', a,Ui,b) = —2. 

We can now enumerate the end-points belonging to Qfli in the l-dimensional 
moduli spaces M+(a, V{, b)p that contribute to A°. First there are points belonging 
to strata with two factors, of the form 

M,,{N*,a')QxM,,{a',a,U^,b), 

where a' is necessarily boundary-unstable (so the solution on is reducible). Next 
we should look for points belonging to strata with three factors, one of which is 
boundary-obstructed; but when a and b are irreducible, there are no such contribu- 
tions. Finally, there are points belonging to strata with four factors, one of which 
is doubly boundary-obstructed. These have the form 

M,,{N*,a')Q X M,,(a,ai) x M,,{a',ai,U^,bi) x M,,(bi,b), 

where a' is boundary-stable, ai is boundary-stable, and bi is boundary- unstable. 
Prom these we obtain the final two terms in A°: 

(18e) mr(n„ ® •) + S>:^(n, ® d°{-)). 
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The identity A° — has sixteen terms, from (18a)-(18e): 

+ a°G° + oy^c: + di^G^a: + cy^o: 

+ m:{W3)d:,H^{X,) + a>^(M/3)i?r(Xi) 
+ H",iX2)m"M + H:{X2)fh:iW,)d", 

+ m;^(VF3X(VF2)m°(VFi) + (n„ ® •) + dXi^s ® = 0. 

There are three similar identities, A° = 0, = and = 0, coming from the 
three other types of l-dimensional moduh spaces that contain irreducibles. In fuU, 
these are 

+ m™(n„ (g) •) 

+ 77|(X2)m:(W^i) + H°{X2)m:{Wi) 

+ a,"i7^(X2)m°(M/i) + i/,"(X2)a>:(VFi) + ifr(^2X(W-i)5,° 
+ m:(iy3)i?r(^i) + m°(M/3)K(Xi) 

+ 5>:(VF3)i?,°(Xi) + m:(W^3)5^ifr(^i) + m:(W^3)i?:(Xi)9r 
+ m:(W^3X(W^2)m:(W^i) 

+ dXins ® d^-) + dXins ® ■) 
+ m7(n„0-) 

+ H:{X2)ml{W,) + H:{X2)ml{W,) 

+ d:Hl{X2)m:{Wi) + if„"(X2)a>^(H^i) + H^{X2)rnl{W^)d^ 
+ ™°(W^3)i/o"(^i) + ml{W^)H'^{X^) 

+ d:ml{W^)H^{X^) + m:^(W^3)3^iJr(^i) + ml{W^)ml{X^)d'^, 
+ m^^{W:i)fhl(W2)rri.°(Wi) 

= + 4^G^ + G;y; + y,"G;; + Gyi + s^a^G^ + a.^G^ar + cyy^ 

+ a>-K ® s"-) + 5>rK ® •) + '^rK ® •) + K ® ^ro 

+ ff|(X2)mr(W^i) + Fr(X2X(Wi) 

+ d'^mx2)m:{w,) + if,"(X2)a>^(w^i) 

+ H^{X2)ml{W^)d^, + i/°(X2)mJJ(Tyi) 
+ m:(W-3)ifr(^i) + m:(T4-3)i^:(^i) 
+ 9>^(W-3)i?r(^i) + m:{W^)dlH^{X,) 
+ m«(M/3)5^(^i)ar + m:(V^3)if:(^i) 
+ m^,{Ws)inl{W2)rK{Wr) 
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There are four simpler identities involving only the reducible moduli spaces: 
these are the vanishing of expressions Al, A^, A" and A!^, where for example 



Al = Gldt + G^d: + dtGl + d:Gi 



+ ml{Ws)HI{X,) + m^{Ws)H^{X,) + HI{X2)fht{W,) + H^{X2)fht{W,) 

+ mr(n„0-)- 

We define an operator 

L 1(7.(^1)^ a (Yi) 
by combining some of the contributions from Q ^ : wc write 

^ ^ [l° Ll + L-di + d^L 

where 

and so on. (The term n„ appears in the definition of all of these.) In words, when 
gr^(a, Fi, b) = —1 the component of L{ea) counts points in the zero-dimensional 
strata of M+(a, b) which are broken along a critical point in 
We define G : C,{Yi) C,{Yi) by the formula 

a b 
c d ' 



G = 



where 



a ■ 
b- 
c ■ 
d-- 



GI + 



Gidi 



a«(m-K®-)) 



Here, we have written m^H^ for example as an abbreviation for m'^{W3)H^{Xi), 
because no ambiguities arise in the formulae. In words, if gr(a, V* , b) = —2, the e^, 
component of G{ea) counts points in the zero-dimensional strata of M^{a, b). 

Proposition 5.5. We have the identity 

doG + God = rh^ o Hi + H2 o mi + Z, 

where = 771(1^3) and Hi, H2 are the operators from Proposition 5.2, using Xi 
and X2 respectively. 



Proof. In addition to the identities A* = and A^ = 0, there are the identities 
arising from pieces of the cobordism. For example, we can consider the three-ended 
manifold J7f. On this, once again, we can enumerate ends of the one- dimensional 
moduli spaces Mz{a', o, C/j* , b). These give relations which are formally similar to 
the relations coming from a two-ended cobordism from Yi to Y2 (since differentials 
for the Floer homology of Ri are trivial, c.f. Lemma 5.4). Looking at ends of 
irreducible moduli spaces, we get four relations of the type B'^°, Bg", B^^ and i?"" 
For example, the relation of the form S"" = 0, can be written out as: 
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In addition to these, we have eight relations coming from looking at ends of reducible 
moduli spaces =0 (where here each * can be cither symbol u or s). There are 
the relations coming from ends of moduli spaces for the Xi and X2 (with its two- 
parameter families of metrics), the ends of the moduli spaces for Wi, and finally, the 
ends of moduli spaces for M x Y^. Putting all these together, we get the proposition. 

□ 

We can put the above outlined proof of Proposition 5.5 into a more conceptual 
framework. Throughout the following discussion, wc fix two critical points a and 
b with gr(a, V{ , b) = —1 (where both a and b are in U £°, if we are considering 
the case of HM, for example). We count the ends of those one-dimensional strata 
in M+(a, Vj*, b)p. Clearly, these ends count points in the zcro-dimcnsional strata 
in M^{a,V{ ,b)-p. We claim that the total sum of these zero-dimensional strata 
counts the et, component of the image of ea under the map 

(21) doG + God + msoHi+H2orhi+L, 

which must therefore be zero. 

The verification can be broken into the following three steps. Recall that the 
strata of M+(a, V{, b)p consist of fibered products over various critical points of 
moduli spaces. We call these critical points with multiplicity (if the same critical 
point appears more than once) break points for the stratum. We say that a stratum 
in M+(a, V^, b)-p has a good break if at least one of its break points hes in (£^ U 
£°)(Fj) (with i e {1, 2, 3}) or in C^{Ri). One must verify first that the non-empty, 
zcro-dimcnsional strata in M+(a, Vj*, b)-p which have a good break have, in fact, a 
unique (i.e. with multiplicity one) good break. This follows from a straightforward 
dimension count, after listing all possible good breaks. Indeed, in view of the 
definitions of the maps G, H, fh, and _L, the above dimension counts show that 
the strata for which the good break occurs along Yx are counted m. d o G + G o d, 
those where it occurs along I3 are counted in ms o H]^, those where it occurs along 
Y2 are counted in H2 o rhi, and those where it occurs along Ri are counted in L. 
Second, one verifies that any of the zero-dimensional strata with one good break 
appear uniquely as boundaries of one-dimensional moduli spaces in M+(a, V^, b)p. 
Finally, one verifies that any of the zero-dimensional strata in M+(o, V\*, b)-p which 
have no good break, and hence are not accounted for in Equation (21), are counted 
exactly twice: they appear in the boundaries of two distinct one-dimensional strata 
mM+{a,V,*,b)p. 

5.3. Calculation. The plan of the proof is to deduce Theorem 2.4 from Lemma 5.1. 
We have already constructed the chain homotopies referred to in the first part of 
the lemma: these are the chain homotopies Hn- To verify the hypothesis in the 
second part of the lemma, it is enough to verify that L induces isomorphisms in 
homology, because of Proposition 5.5. That is the content of the next proposition. 

Proposition 5.6. The map L : C,(Yi) C,(Yi) induces isomorphisms in homol- 
ogy. Indeed, the resulting map on HM,{Yi) is multiplication by the power series 

k>0 

which has leading coefficient 1. 
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We begin by examining the Floor complexes of the manifold Ri = x S^, 
equipped with a standard metric and small regular perturbation q from the class 
P{Ri). With no perturbation, the critical points {A, $) of the Chern-Simons-Dirac 
functional all belong to the Spin" structure Sq with Ci(so) = 0. They are simply 
the reducible solutions {A,0) with flat. In B{Ri), they form a circle. For any 
flat connection A, the corresponding Dirac operator Da on Ri has no kernel, so 
there is no spectral flow between any two points in the circle. We can choose our 
small perturbation to restrict to a standard Morse function on this circle, with one 
maximum and one minimum a°. We also need to arrange that the corresponding 
perturbed Dirac operators a these two points have simple eigenvalues, and we choose 
the perturbation small enough so as not to introduce any spectral flow on the paths 
joining to a^. In the blow-up B'^{Ri), each of these critical points gives rise to 
a collection of critical points a° and a}, corresponding to the eigenvalues Aj of 
the perturbed Dirac operator. We again assume these eigenvalues are labeled in 
increasing order, with Aq the first positive eigenvalue, as in (17). The points o° and 
aj are boundary-stable when i>0 and boundary- unstable when i <0. 

The trajectories on E x _Ri arc all reducible, because i?i has positive scalar 
curvature. Their images in B{Ri) are therefore either constant paths at a° or , or 
one of the two trajectories 7, 7' from to a° on the circle. For each i, there are two 
trajectories ji and 7- lying over 7 and 7' respectively in a moduli space Mz{aj,a^). 
These are the only trajectories belonging to 1-dimensional moduli spaces, so all 
boundary maps are zero in the Floer complexes. Thus HM,{Ri) = C,{Ri), which 
has generators 

(x>0) 

corresponding to the critical points a-* and aj, while C,{Ri) has generators 

elej, (z<0). 

We identify J{Y, sq) with Z in such a way that eg belongs to C'o(-Ri). Then ef is 
in grading fi + 2i for i positive and in grading /x + 2i + 1 for i negative. 

The manifold A^i has boundary i?i , and its homology is generated by the classes 
[El] and [E2] of the two spheres. A Spin'^ structure t on A''i whose restriction to 
i?i is 5o is uniquely determined by the evaluation of ci(t) on [Ei]. For each fc G Z, 
we write tk for the Spin'^ structure whose first Chern class evaluates to 2A; + 1 on 
[El]. The Spin'^ structures tk and t_i_fc are complex conjugates. We write 

Mfe(iV*,a')Q 

for the union of the moduli spaces belonging to components z which give rise the 

Spin'^ structure tfe. The family Q is the same 1-paramcter family Q{Si,S2) that 
appeared above. The following lemma and its two corollaries are straightforward. 

Lemma 5.7. The dimension of the moduli space Mk{Ni, af)Q is given by 



dim Mk{N*,a'^)Q = 



-l2-k{k + l)-2i, i>0, 
-IJ,-k{k + l)-2i-l, i<0. 



□ 



Corollary 5.8. The only non-empty moduli spaces Mk{Ni, a')Q with a' boundary- 
stable occur when fc = or — 1 and a' = Oq, in which case the moduli space is 
zero-dimensional. The moduli spaces Mf.'^'^{Ni , a')Q are empty for all boundary- 
stable a'. □ 
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Corollary 5.9. The zero- dimensional moduli spaces Mk{Nl, a')^, with a' boundary- 
unstable, are the moduli spaces 

(22) Mk{N*,al)Q, ik = -l-k{k + l)/2. 

□ 

At this point, we have verified all parts of Lemma 5.4, and in addition we can 
now express n„ e C^{Ri) as 

where Uk counts points in the moduli space (22) (which consists entirely or re- 
ducibles, because a^^, is boundary- unstable). 

Lemma 5.10. For all fc G Z, the sum ak + a-i-k is 1 mod 2. 

Proof. Let g be any Riemannian metric on that is standard on the end. Fix 
a Spin*^ structure tk on Ni. Because has no first homology and no self-dual, 
square-integrable harmonic 2-forms, there is a unique Spin'^ connection 

A = A{k,g) 

in the associated spin bundle 5'+ Ni with curvature satisfying the abclian 
anti-self-duality equation F^^ = 0. On the cylindrical end, A' is asymptotically 
flat, so A defines a point 

where <S C S(i?i) is the circle of flat Spin'^ connections. This depends only on k 
and g. 

Fix a Spin structure on i?i whose associated Spin'^ structure is So- This fixes 
an isomorphism between Sq and its complex conjugate. Complex conjugation now 
gives an involution on the circle, a : S ^ S, with two fixed points s^ and s_. The 
isomorphism between So and its conjugate extends to an isomorphism tfe — > i-i-k, 
and we therefore have 

(23) e_,_kig)^a0kig). 

Consider now the family of metrics Q = Q{Si,S2) on A''!. As T goes to — oo, 
the manifold N* decomposes into two pieces, one of which has cylindrical ends 
R~ X 5*1 and M+ x Ri. This piece, call it T*, carries no harmonic 2-forms (it is 
a punctured x with cylindrical ends), so the map 6k extends to continuously 
to T = — oo and 9k{—oo) is one of s+ or s_. The same applies to T = -|-oo, so we 
obtain a map 

6k '■ Q S 

with 

6'fe(±oo) G {s+,s_}. 

We also have ^fe(-l-oo) = 9-i-k{+oo), and the same with T = — oo. Thus the two 
maps 

Ok,d-i-k ■ [-oo,c»] S 

together define a mod 2 1-cycle in S. The statement of the lemma follows from the 
assertion that this 1-cycle has non-zero degree mod 2. 
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Specifically, let 9 : — > S be the cycle obtained by joining 0k and 0-i-k- 
We show that for generic x G S, the space 9^^ (a;) is cobordant to 

(24) [Mtim,a%[jM^\_k{N*,a%) X M'^''ia\i[0,l]x R,r,S) xs{x} x S 

Here, M^^{Ni ,a^)Q denotes the moduli space of solutions to the perturbed abelian 
anti-self-duality equiations. Similarly, M^'^(a^, ([0, 1] x Ri)*,S) denotes the moduU 

space of solutions to the perturbed abelian anti-self-duality equations, where we 
use the perturbation at the t = oo and no perturbation and the t = -co end. 
In particular, this moduli space admits a map by taking the limit as t i— > oo to 
S. The claimed compact cobordism is induced by taking a one-parameter family 
of perturbations indexed by T G M+ on which are supported on ever-longer 
pieces of the attached cylinder. The fiber over T = of this cobordism is {x} Xg 
(M^^{N^,S) U M'^\_^{N^,S)), whose number of points coincides with the stated 
degree, while the fiber over T = cxd is the space described in (24). In particular, 
if the stated degree is odd, then so is the number of points in M^^{N*,a^) U 
M^i^k{N^,a^). But Mf'{N^,a^) is identified with Mk{Nl,alJ. 

It remains now to show that the degree of 9*^ is non-zero modulo two. This in 
turn is equivalent to saying that 

^fc(oo) ^ ek{-oo), 

because of the relationship (23). So we must prove that 9k ■ Q ^ S is a path 

joining s_ to sj^. 

To get a concrete model for Ok, choose a standard closed curve S representing the 
generator of Hi {Ri ) , and let S C iV^* be a topological open disk with a cylindrical 
end x S. To pin it down, we make S disjoint from Zi C Ni and have geometric 
intersection 1 with E2 C Z2. If we write A = A(k,g) again for the anti-self-dual 
connection, then 

Okig) = exp^ J 

is a model for the map 6k as a map from the circle. (The factor of 1/2 is there 

because of the relationship between A and A*.) When T = —00, the surface E is 
contained in the piece Tj* on which the connection A* has become flat. So with this 
model, ^fc(— 00) = 1. When T = +00, the surface E decomposes into two pieces: 
one is a cylinder contained in T2 , which contributes nothing to the integral; and the 

other is a disk A with cylindrical end contained in Z| = CP \ B'^. The curvature 
Fa^ has exponential decay on the end of Z| and its integral on A is equal to its 
integral on any compact surface A' C Z2 having the same intersection with £2- 
Since A has intersection 1 with E2 and ci(tfe) evaluates to —{2k + 1) on E2 , we 
have 

/ Fa^ = (27r/i)(2fc + l). 

J A 

So 9k{oo) = — 1, and we have the result. □ 

For each integer « < 0, we can define a map 

m : C,iYi) ^ C,{Yi) 

by repeating the definition of L above, but replacing fiu in the formulae by the 
basis vector ej. Because there are no differentials on Ri, the map L[i\ is a chain 
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map, and from the formula for wc have 

L = ^afcL[-l-A;(/e + l)/2] 
fcez 

= Y^L[-l-k{k + l)/2], 

k>0 

where in the second line we have used Lemma 5.10. Proposition 5.6 now follows 
from: 

Lemma 5.11. The map L[i] : C,{Yi) C,{Yi) for i < gives rise to the map 
HM,{Yi) — > HMt{Yi) given by multiplication by U~''~^. 

Proof. We use the fact that the manifold Ui (whose moduli spaces define L) can 
be realised as the complement in [—1,1] x Yi of the tubular neighborhood a curve 
K: thus 

[-1,1]xYi = UiUr, N{K), 

where N(K) ^ x B'^ and Ri is the oriented boundary of N{K). Referring to the 
definition of the action of from Section 4.11, wc choose p basopoints wi, . . . lOp 
in the interior of N{K), and use these together with the cylindrical cobordism 
[—1, 1] X Yi to define a chain map 

(25) m([-l,l] xyi,{wi,...,w;p}) : (7.(11) ^(7.(11) 

which induces the map on HM,(Yi). 

We can use any Riemannian metric on the cylinder in the construction of this 
chain map. We choose a metric in which N{K) has positive scalar curvature, the 
metric on Ri is standard, and Ri has a product neighborhood. We then consider 
the family of metrics parametrized by Q = [0, oo) obtained by inserting a cylinder 
[— T, T] X By an argument similar to our previous analysis, we obtain in this 
way a chain-homotopy between the chain map (25) and the chain map 

where 

is the element of C'»{Ri) = HM,{Ri) obtained by counting points in moduh spaces 
on N{K)* with p base-points. That is, 

bj = \M{N{K), a]) n n • • • n Vp\ mod 2, 

or zero if the intersection is not zero-dimensional. An examination of dimensions 
shows that the only contributions occur when j = —1 — p. The moduli consists 
of reducibles, so the calculation of bj is straightforward: wc have bj = 1 when 
j = —1 — p. Thus the sum above has just one term, and the map U'^ is equal to 
the map arising from the chain map L[—l—p]. □ 
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With the verification of Proposition 5.6, the proof of Theorem 2.4 is complete 
for the case of HM,. The other two case have similar proofs. In the case of HM,, 
the formulae arc considerably simpler. The exactness in the case of HM, could 
also be deduced from the other two cases, by chasing the square diagram in which 
the columns are the i,j,p exact sequences and the rows are the surgery cobordism 
sequences. 

5.4. Local coefficients. We describe here a refinement of the long exact sequence, 

with local coefficients. As in Section 2.3, we consider a 3-manifold M with torus 
boundary, and let 70, 71, 72 be three oriented simple closed curves on dM with 
algebraic intersection 

(70 ■ 71) = (71 ■ 72) = (72 • 7o) = -1- 

We again write Wn ■ Yn — > Yn+i for the 2-handle cobordisms. 

The interior M° can be viewed as an open subset of ¥{ for all i. Fix local 
coefficient systems Fj over Yi which are supported in M° C 1^, in the sense of 
Definition 4.18. Moreover, the set [0, 1] x M° can be viewed as an open subset of 
Wn (where here {0} xM° cY^ and {1} x M° c F„+i). Let 

'■ r„ — > F„+i 

be a W„-morphism of the local system which is supported in [0, 1] x M°. 

Theorem 5.12. Let F„ be local systems on the Yn, and let F^y^ : F„ — > F„+i 

be morphisms of local systems. Suppose these satisfy the support condition just 
described. Then, the induced maps with local coefficients Fn = iJM(W„; Fvk„) fit 
into a long exact sequence of the form 

> HM,{Yn-i;Tn-i) ffiW.(y„;F„) ^ i^M. (y„+i ; F„+i) ^ ••• . 

There are also corresponding long exact sequences for the other two variants of 
Floer homology. 

Proof. To prove exactness, we once again appeal to Lemma 5.1. Indeed, the ho- 
motopies Hn '■ C!{Yn\ Tn) — > C{Yn+2', are constructed as before, only now the 

entries contain also the X„-morphisms gotten by composing the morphisms Twr^ 
and Fiv'ji+i (we add the primes to distinguish the homotopies here from the ones 
appearing in the discussion in Subsection 5.1). Observe that this composite mor- 
phism of local systems is supported in the complement of Zn (so as in Lemma 5.4, 
the contributions from Z,; still drop out in pairs). In fact, the proof of Proposi- 
tion 5.5 carries over, as well, since the triple-composite morphism of local systems 
is supported in a complement of the Ni. 

In the same way, the map L' is seen to be multiplication gotten by multiplying 
the chain map induced by the triple-composite Tw„+2 ° ^Wn+i ° ^w„ (which is 
supported in the complement of A^„) by the power series L. In particular, the map 
L' is a quasi-isomorphism, too. □ 

Specializing to the local system determined by cycles (Example 4.12.2), we get 
the following: 
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Corollary 5.13. Let Yq, Y\, Y2 be as above, with the additional property that 
Hi (Yq; Z) = Z and Hi (Yi ; Z) = Hi{Y2;Z) =0. Fix a cycle rj in M° which generates 
the image of Hi{M;Z) in Hi{M]R). In this case, we have a long exact sequence 

> HM,{Y-i) O K ^ HM,{Yo; T^J HM,{Yi) O K • • • . 

in which the map Fi can be expressed in terms of the usual maps induced by cobor- 
disms, by the following formula: 

Fi= l^{{ci{B)Ah]))-HM{Wi,B), 

seSpin<=(Wi) 

where [/i] e H2{Wi;Z) =Z is a generator. 



Proof. We apply Theorem 5.12 in the following setting. We let r„ be the local 
system on Yn induced by the chain r] C M° c Y^. Indeed, in the cobordisms 

Wn- Yn Yn^i, wc choose two-chains which arc products Vn = [0, 1] x 77 C 
[0,1] X M° C Wn- The chain i/„ induces a H^„-morphism of the local system 
^Wn,<^n which is supported in [0, 1] x M°. 

Recall that the isomorphism class of HM(Y-, F^) depends only on the homology 
class of T]. In fact, since both Yi and Y2 are homology three-spheres, the cycle is 
null- homologous, so it follows at once that for i = 1, 2, 

(26) HM{Yi; T^,) ^ HM{Yi) O K. 

We argue that the chain i^i C Wi represents a generator of H2{Wi,dWi\'L) = Z. 
To see why, recall that inside Yi, 70 can be viewed as a knot, with a Scifcrt surface 
S. Pushing the interior of the Seifert surface into [0, 1] x Yi, which we then cap 
off inside the added two- handle, we obtain a generator [S] for /f2(W^i;Z). On the 
other hand, our chain vi is gotten by [0, 1] x 77, and 77 links the knot 70 once. Thus, 
it follows that the oriented intersection number of S with vi is ±1, and hence 
[vi\ is also a generator of H2{W\,dWi). Now, for each Spin'^ structure on Wi, 
wc sec that composing with the identification from Equation (26), we see that the 
map HM{Wi;Twx,v,5) is identified with ii{{ci{s),[v\])) ■ HM{Wi,s), where here 
[u] G H2{Wi;Z) is the unique homology class corresponding to vi. The result now 
follows. □ 



6. Proof of the non-vanishing theorem 

6.1. Statement of the shairper result. We now turn to the proof of Theorem 2.1. 
There is a sharper version of this non-vanishing theorem, which involves the Floer 
groups with local coefficients. 

Theorem 6.1. Suppose Y admits a taut foliation T and is not x S^. Let rj be 
a C°° singular 1-cycle in Y whose homology class [rf\ satisfies 

P.D.[7?] = [uj]+te{J') e if2^Y;R) 

where uj is closed 2-form which is positive on the leaves of T and t gR. Then the 
image of the map 

J, : HMkiY;T^) ^ HMkiY;T^) 
is non-zero, where k € J{Y) is the homotopy class of the 2-plane given by the 
tangents planes to T 
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As an application, wc consider the case of the manifold Y = Sq{K), where 
K U. By the results of [14] again, this manifold has a taut foliation !F; and if 
CO is closed and positive on the leaves, then the cohomology class [u] will be non- 
zero, because Gabai's foliation has a compact leaf. We therefore have the following 
corollary. Unlike Corollary 2.3, this result applies also to genus one knots: 

Corollary 6.2. Suppose K ^ U, let g be the Seifert genus of K, and lets he a Spin" 
structure on S'^{K) for which ci(s) is 2g — 2 times a generator for H^{Sq{K);'Z). 
Then there is a k ^ J{Y, s) such that the im,age of 

J, : HMk{Sl{K)-T,,) ^ HM k{Sl{K)-T^) 

is non-zero whenever the homology class [rj\ is non-zero. By contrast, is zero for 
Sl{U), for allr]. □ 

The proof of the theorem is based on the results of [25]. Let X be a compact 

oriented 4-manifold with oriented boundary Y . We assume X is connected, but 
may allow Y to be disconnected. Let ^ be an oriented contact structure on Y , 
compatible with the orientation of y . If a is a 1-form on Y whose kernel is the field 
of 2-planes ^, then the orientation condition can be expressed as the condition that 
a A da > 0. Let s be the Spin'^ structure on Y determined by ^, and let Sx be any 
extension of 5 to X. Note that the space of isomorphism classes of such extensions, 
denoted by Spin'^(X, ^), is an affine space for the group H^{X, Y; Z). Generalizing 
the monopole invariants of closed 4-manifolds, the paper [25] defines an invariant 
m{X,^,Sx) associated to such data. Neglecting orientations, we can take it to be 
an element of F = Z/2. We review some of the properties of this invariant. 

The 2-plane field ^ picks out not just a Spin" structure sonY, but also a preferred 
nowhere-vanishing section <E>o of the spin bundle S ^Y. When Sx is given, we can 
interpret <I>o as a section of 5*3^ |y, and there is a relative second Chern class (or 
Euler class) which we use as the definition of gr(X,£^,Sx)- 

gr(X,e,Sx) = (c2(5+,$o),[X,aX]) gZ. 

The condition gr(X, ^,Sx) = is equivalent to the existence of an almost complex 
structure on X for which the 2-planes ^ are complex and such that the associated 
Spin" structure is Sx- 

Theorem 6.3 ([25]). 

(1) The invariant xn{X, £,,Sx) is non-zero only ifgi{X, £,,Sx) = 0, and vanishes 
for all but finitely many Sx S Spin"(X, ^). 

(2) Suppose X carries a symplectic form lu that is positive on the oriented 2- 
plane field ^. Let s^^ € Spin"(X, ^) be the canonical Spin" structure which 
LO determines on X. Then 

m{X,£,,Su,) = 1. 

(3) Let uj and be as in the previous item, let e e H'^{X,dX;Z), and let 
S^+e G Spin"(X, o)) denote the Spin" structure with spin bundle S = S^iSiL, 
where L is the line bundle, trivialized on dX , with relative first Chern class 
ci{L) = e. Then, if xn{X,^,Su; + e) ^0, it follows that 

{e^w,[X,dX])>0, 

with equality only if e = 0. □ 
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We combine the individual invariants m{X,S,,Sx) into a generating function. 
Recall that K is the field of fractions of F[R], and that /i : R ^ is the canonical 
homomorphism. Given a reference Spin'^ structure So on X extending s, we define 
a function 

m*{X,^,So) : H2{X,Y;R) 

by the formula 

m* {X, ^,so){h) = Y^ ^, so + e) /x(2e, /i) . 

e 

As a corollary of Theorem 6.3 we have: 

Corollary 6.4. If X carries a symplectic form u positive on ^ then 

m*(X,^,s,)(P.D.[a;])^0. 
Further, if the intersection form on H'^{X,dX) is trivial then 
m*(X,C,5a,)(P.D.(M +ici(s^))) 7^0 

for all t G M. 



Proof. The first statement is an immediate consequence of Theorem 6.3. For the 
second statement, we note that the condition gv{X,^,Su; + e) = is equivalent to 

e ^ (e + ci(s^)) = 0, 

or simply to e ^ ci{Soj) = when the cup product on the relative cohomology is 

zero; so 

m*(X,^,5^)(P.D.(M+tci(5^)))=m*(X,^,5^)(P.D.M). 

□ 



6.2. Construction of the invEiriants of {X,^). We review the construction of 
the invariant m{X,^,sx) from [25]. Let a again be the 1-form defining the 2-plane 

field ^ on Y, let luq be the symplectic form d{t^a/2) on [1, oo) x Y , and let go be a 
compatible metric. Attaching [1, oo) xY to X, we obtain a complete Riemannian 
manifold X+ with an expanding conical end. On the end, there is a canonical 
Spin*^ connection and spinor $0 of unit length. We choose a reference Spin'^ 
structure So on X, extending the Spin'^ structure on the end, and extend Aq and 
$0 arbitrarily. For a pair [A, $) consisting of a Spin'^ connection in Sx and a section 
of S^, we consider the equations on X+: 

^27) ^M^i) - (*^*)o = \p{FXl) - (*o$S)o + e, 

= 0, 

where e is a perturbation term: an exponentially decaying section of isu(S'^). There 

is a moduli space M{X'^ ,5x) consisting of all gauge-equivalence classes of solutions 
{A, $) on X^ which are asymptotically equal to {Aq, $0)) in that 

A- Ao&Ll 

(28) 

For generic e, this moduli space is a smooth manifold, and 

dimM(X+,sx) = gr(X,C,Sx) 
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if the moduli space is non-empty. Note that the asymptotic conditions mean that 
$ is non-zero, so there are no reducible solutions in the moduli space. The moduli 
space is compact, and m{X,^,sx) is defined as the number of points in the moduli 
space, mod 2, or as zero if the dimension is positive. 

6.3. Floer chains from contact structures. Let Z now denote the half-infinite 
cylinder K"*" x {—Y), which has oriented boundary {0}xy. Given a contact structure 
^ defined by a 1-form a as above, we again form the symplcctic cone [l,oo) x Y, 
with oriented boundary {1} x {—Y), and attach this to Z. The result is a complete 
Ricmannian manifold Z'^ with one cylindrical end and one expanding conical end; 
the latter carries the symplcctic form cjo- 

On Z^ , we write down monopole equations which resemble the equations (27) 
on the conical end and resemble the perturbed equations J^p = on. the cylindrical 
end. A convenient way to make this construction is as a fiber product. To do 
this, we choose a regular perturbation q for the equations on Y, and let p be a 
t-dependent perturbation on the cylinder Z that is equal to q on the end and is 
zero near the boundary. For each critical point a in B'^{—Y), there is a moduli 
space 

M(R+ X {-Y),a) C B'"(R+ x (-F)). 
This is a Banach manifold with a restriction map 

ro : M{R+ x (-F), a) ^ ^""({0} x (-F)) = B''{Y). 

There is also the moduli space Mi of solutions to the equations (27) on the conical 
manifold [l,oo) x Y, with asymptotic conditions (28). We choose the term e so 
that the right-hand side of the first equation vanishes near the boundary {1} x Y. 
This is another Banach manifold; and because the solutions are irreducible, there 
is a restriction map to blown-up configuration space of the boundary, because of a 
unique continuation argument: 

n : Ml ^ S'^({1} X y) = B^iY). 

Definition 6.5. We define the moduli space M{Z~^, o) as the fiber product of the 

maps ro and ri . 

Although the fiber product makes a convenient definition, we can also regard 
M(2'+, a) as a subspace of Bi^^{Z~^). Given 7 in M(Z+, a), we can define a path 
7 in B'^{Y) by restricting 7 to the slices {t} x Y, first in the cylindrical end then 
in the conical end. If 7, 7' are two solutions, then the corresponding paths 7 and 
7' both have limit point on the cylindrical end and have the same asymptotics 
on the conical end; so there is a well-defined difference element in 7ri(S'^(F), a). In 
this way, we partition M[Z~^ , a) into components of different topological type: 

M{Z+,a)=\jM,{Z+,a). 

z 

Once again, we can count points in zero-dimensional moduli spaces, to define: 

,'7+ /|M,(Z+,a)|mod2, if dimM,(Z+, a) = 0, 
I 0, otherwise. 

The compactness results of [25] tell us that mz{Z~^, a) is zero for all but finitely 
many a and z. Because Mj;(Z+, a) consists only of irreducibles, a must be either 
irreducible or boundary-stable on —Y if the moduli space is to be non-empty. 
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(Note that the notion of "boundary-stable" for a critical point a depends on the 
orientation: y) is the same as (t^{Y).) Taking the irreducible and boundary- 
stable elements in turn, we define an element of the complex Ct,{—Y) = C°{—Y) ® 
C'{-Y), by 

(29) i> = ir,r), 

where 

oe£o z 

and 

We have: 

Lemma 6.6. The element ip in C'»(— F) is closed: that is, dip = 0. 

Proof. As usual, this is proved by counting the boimdary points of 1-dimensional 
moduli spaces Mz{Z^ , b), augmented by the observation that there are no reducible 
solutions in these moduli spaces. Specifically, counting boundary points in the case 
that b is irreducible gives the identity 

d:r + d^Bir = o, 

while the case that b is boundary-stable provides the identity 

Together these tell us that d-^^ — 0. □ 

Next we extend the construction of ip to the Floer complex with local coefficients. 
Let be a C°° real 1-cycle in Y, and let 77"*" be the corresponding non-compact 2- 
chain in Z'^ . Like 2"*", the 2-chain 77"*" has one cylindrical end and one expanding 
conical end; it is oriented so that the cylindrical end coincides with — (M+ x rj). 
Extend the connection ^0 from the conical end to all of Z'^ in such a way that it is 
translation-invariant and in temporal gauge on the cylindrical end. Let 7 belong to 
Mz{Z^ , a), and let A be the corresponding Spin° connection on Z+. The integral 

/(0) = (i/27r) / {Fa^-F^.^) 

is finite, and depends on 7 through only its homotopy class z. Let r_^ be the 
local system on B'^{—Y) defined in Example 4.12.2, and denote the generator 1 in 
Fa = K by Co. Then we can define an clement 

V'^ = (V'°,v;)eC'(-r;r_,) 

by the formulae 

As in the previous case, we have: 

Lemma 6.7. The element in (7*(— F;r_^) is closed. □ 
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6.4. Proof of Theorem 6.1. We recall Eliashberg and Thurston's construction 
[9] , whereby a taut foliation on Y leads to a symplectic form uw on the cylinder 

W=[-l,l] X Y 

and contact structures ^± on the boundary components. Let a be a 1-form defining 
the tangents to the foliation J^, and let a; be a closed 2-form positive on the leaves. 
Set 

u)w = d{ta) + u) 

on W . This form is symplectic. According to [9], there exist smooth contact 
structures ^+ and compatible with the orientations of Y and —Y respectively, 
which are C° close to the tangent plane field of the foliation. We regard these as 
contact structures on the two boundary components {1} x Y and {—1} x y of W; 
the C°-close condition means that will be positive on these 2-planc fields. 

If we regard as a manifold with a contact structure ^ = (^_,^+) on its 
boundary {—1,1} x Y, then we can construct the invariants 

m(W,^,Svy) 

for Spin'^ structures 5w extending the standard Spin'' structure determined by the 
2-plane field on the boundary, as above. On the other hand, the contact structure 
^+ provides a cycle 

= {r{t),r{t)) ec.{~Y), 

and from ^_ we similarly obtain a cycle 
Let 

*(^+) e HM,{-Y) *(^_) G HM,{Y) 
be the homology classes of these. 

Proposition 6.8. We have the pairing formula 

where ( — , — )d is the duality pairing 

HM4-Y)<S>HM4Y) 

from Section 4-13. 

Proof. Let Z+(^+) be the manifold with one cylindrical end and one conical end, 

obtained by applying the construction of the previous subsection to ^_|- on Y, and let 
Z~^(^-) be constructed similarly using As above, wc have counting- invariants 

m,(Z+(e+), o) e F, (a e €°i-Y) U €'{^Y)), 
m,(Z+(e-),o) eF, {ae<t°{Y)ue{Y)). 

In the case of the first of these two, we can regard a as a critical point in B'^{Y) 
via the identification 



u €%-Y)) = e:°(F) u e:"(F)). 
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If we unravel the pairing on the right-hand side of the formula in the proposition, 
we find it is equal to 

(30) J2 rn,AZ+{^-),a)m.AZ+{^+),a) 

+ E E ru.i(^+(^-),aK.(a,f')m,3(Z+(e+),b) 

where nz{a,b) counts unparametrizcd bomidary-obstructcd trajectories as in Sec- 
tion 4.7. On the other hand, we can consider the 1-paramctcr family of metrics 
on W parametrized by Q = [0, oo) in which the length of the cylinder is increased. 
There is a corresponding parametrized moduli space 

M{W+,Sw)q 

associated to the manifold with two conical ends. The map to Q is proper, and 
there is a compactification M(W'^ ,Sw)q over Q = [0, oo], where at oo the manifold 
W+ becomes the disjoint union of an If we look at the union of all 

1-dimensional moduli spaces M{W~^ ,Sw)q and count the endpoints of these, then 
the contributions from endpoints lying over G Q is equal to the left-hand side in 
the proposition, while the contribution from the endpoints lying over oo is the sum 
(30). □ 

We now reformulate this proposition for local coefficients. Because ^_ and ^+ 
are both C°-close to J^, there is a canonical choice of reference Spin^ structure Sq 
on W, and we can write an arbitrary Sw as 

Sw = So + e, 

for some e G H"^ {W, dW ; Z) . Let 77 be a 1-cycle in Y, and set 

= [-1, 1] X M 
regarded as a class in H2{W, dW; M). Let 

m*{W,^,So) : H2iW,dW;R) 
be as in Section 6.1. The construction of ipr, leads to classes 

Just as in the case of coefficients F, we have: 

Proposition 6.9. We have the pairing formula 

m*{W,^,So){hr,) = (i.*^(^+),*,(e-))D, 

where { — , — )d is the duality pairing 

HM,{-Y; T_ri) ® HM,{Y; F^) ^ F, 

from Section 4-13, and j^, is the map HMi,{—Y;T-^) ffM*(— F;r_^). □ 

Now we conclude the proof of Theorem 6.1. Suppose the class [77] in ifi(F;M) 
satisfies 

P.D.[ry] = M+tci(.F), 
so that the class hr, in H2{W, dW; R) satisfies 

P.D.[/l^] = [u)w] +tCl{Su,w)- 
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The intersection form on H'^{W,dW) is trivial, so Corollary 6.4 tells us that 
m* {W,$,, So) (hri) is non-zero. (Note that Sq and Suiyy are the same.) From the 
proposition above, it follows that is non-zero; and in particular the image 

of j* is non-trivial in i/M*(— F; r_^). The hypotheses of the theorem are symmet- 
rical with respect to orientation, so has non-zero image also in ffM»(F; F^). □ 

6.5. Application to knots of genus one. Using the non-vanishing theorem with 
local coefficients, we can now complete the proof of Theorem 1.1 for knots of genus 
1, in the case that the surgery coefficient is an integer. The arguments of Section 3 
continue to show that if K is p-standard then K is {p — l)-standard, for integers 
p > 2. We need therefore only prove the following result, by a method applicable 
to genus 1. 

Proposition 6.10. If K is p- standard for p = 1, then K is the unknot. 

Proof. Consider the long exact sequence sequence with local coefficients, in the 
form given in Corollary 5.13, apphed to 3-manifolds S*^, S'l{K) and Sq{K): 

> HM,{S^) O K ^ HM,{Sl{K)- F^J HM,{Sf{K)) O K • • • . 

If K is 1-standard, then the map Fi is given by multiplication by 
jjn(n+i)/2 . ^^^2n + 1) + n{-2n - 1)), 

n>0 

thought of as a map from K[U-\ U]/K[U] HM{Sl{K)) O K ^ HM{S^) d) K) 
to itself. Since the coefficient of is a non-zero element of K, this map is an 
isomorphism. By the long exact sequence, we can conclude that HM{Sq{K); F^j,) = 
0. It follows now from Corollary 6.2 that K is the unknot. □ 

7. The case of non-integral r 

We now turn to the proof of Theorem 1.1 in the case where r is non- integral. 
Some of the results proved along the way apply in more general settings, and will 

be used later. 

Our strategy here is to show that if there is an orientation-preserving diffeomor- 
phism S!f:{K) = S!^{U) for r > 0, then K is p-standard where p is the smallest 
integer greater than r. In this way, we reduce to the case of integral r, which is 
proved earlier in the paper. Of course, the case, where r < once again follows 
from the case where r > 0, by reflecting the knot. 

Lemma 7.1. Let W: Yi ^ Y2 be a cobordism which contains a sphere with self- 
intersection number zero S C W which represents a non-trivial homology class in 
H2{W,dW;Z). Then, for each Spin'' structures G Spin''(W^), the induced map on 
Floer homologies are trivial. 

Proof. Since 5^ x 5^ admits a metric of positive scalar curvature, it follows that 

if HM{W,s) is non-trivial, then (ci(s), [5]) = 0. 

We must now prove that even if {ci(s), \S]) = 0, then the induced map HM{W,s) 
is trivial. To see this, we pass to the blow-up W = PF#CP . Fix a two-sphere E 
in W supported in CP with square —1. Given 5 S Spin'^(W^), there is a Spin'^ 
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structure s G Spin'^(VK) which extends s and with the additional property that 
(ci(s), [£;]) = +!. By the blow-up formula, HM{W,s) = HM{W,s) = HM{W,s + 
PD{E)). Since [S] — [E] can also be represented by a sphere with self- intersection 
number -1, HM{W,3 + PD{E)) = HM(W,5 + PD[S])). By repeatedly using the 
same argument , we have that HM{W,s) = HM{W,s + kPD[S]) for all fc G Z. 
However, our hypotheses on S ensure that {s + kPD[S]}k^z, is an infinite collection 
of Spin*^ structures; but for any fixed rj G HM{Yi), there can be only finitely many 
Spin'^ structures for which the map HM{W,i){ri) is non-trivial. It now follows 
that HM{W,s) = 0. Since b+{W) > 0, it follows from Proposition 2.8 that the map 
HM{W, s) = as well, and an easy diagram chase now also shows that HM{W, s) = 
0. □ 



Proposition 7.2. Let M be a three-manifold with torus boundary, and choose 
oriented curves 71 and 72 with 71 • 72 = — 1- Fix also a cycle rj C M. Letting 73 be 
a curve representing [71] + [72] and 74 be a curve representing [71] — [72]. Consider 
the surgery long exact sequences 

. HM,{Y,;Tn) ^ IIM,{Y2;Tr,) HM,{Y3;Tr,) ^ •• • 

> HM,{Y2;Tr,) HM,{Yv,Tr,) ^ HM,{Yr,Tr,) • • • 

where here Yi is obtained from M by filling ji and Fi and Gi are maps induced by 
the cobordisms equipped with the product cycles [0, 1] x t], thought of as supported 
in the complement of the two-handle additions, as in Theorem 5.12. Then we have 
that Fi o G2 = = G2 ° Fi . For composites of the maps belonging to the long exact 
sequences for the other two Floer homologies HM and HM , we have an analogous 
vanishing results, (e.g. Fi o G2 = 0). 



Proof. Let Ai : Yi — > Y2 denote the cobordism inducing the map Fi , and and 
B2 : Y2 — > Yi denote the cobordism inducing the map G2, so that the union B2L\y2 
Ai:Yi — > Yi is a cobordism (i.e. Fi = HM{Ai;Tai,i,) and 62 = HM{B2]T b2,u), 
where here the chains v are induced by the product cycles [0, 1] x rj, thought of as 
supported the complement of two-handle additions). 

Inside the composite cobordism W ^ B2 Uy-j Ai, one can find a sphere with 
self-intersection number S equal to zero, which represents a non-trivial homology 
class in H2{W, dW; Z). Specifically, suppose that Ai is built from Yi by attaching 
a two-handle along Ki (with some framing) and B2 is obtained by then attaching a 
two- handle along K2 (with some other framing), then the two-sphere S corresponds 
to K2, and it is homologically non- trivial since the homology class corresponding 
to Ki intersects it once (c.f. Figure 4). 

It follows from the composition law for cobordisms, together with Lemma 7.1 
that 

= M{W;Tw^.) = HM{B2;Tb,^.) o HM{Av,Tau-^) = G2 o Fi. 
The composite Fi o G2 vanishes in the same way. 

□ 
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Figure 4. Handle decomposition for Proposition 7.2. 

Consider the link pictured above, where here Ki is thought of as 

any initial framed knot in the thrcc-manifold Yi, and K2, K^, and 
K4 are unknots with the property that links -fCj-i and -ftTj+i ge- 
ometrically once (for i = 2, 3). The three cobordisms Ai : Yi — > Y2, 
A2: Y2 ^ Y3, and A3 : Y3 ^ Yi which induce maps fitting into the 
long exact sequence are given as follows. Ai is specified by the 
framed knot Ki, A2 is specified by the framed knot K2 (thought 
of as a knot in Y2) with framing —1, while A3 is specified by the 
framed knot K3 with framing — 1 . Three cobordisms i?2 : ^2 — > li , 
Bi : Yi ^ Y4, B4: Y4 ^ Y2 are specified as follows. B2 is specified 
by K2 (thought of as a knot inside Y2) with framing 0, while Bi is 
specified by K3 with framing —1, and B4 is specified by K4 with 
framing —1. In particular, the cobordism B2 L\y2 Ai : Fi — > Yi is 
specified by the link Ki U K2, where here K2 is given framing 0. 
In this composite cobordism, K2 corresponds to a homologically 
non-trivial sphere with self-intersection number zero. 



Proposition 7.3. Let K be a knot in S^, and fix a cycle 77 G S^—K whose homology 
class generates Hi{S^ — if;]R). Let ro,ri G Q U {cxd} with ro. ri non-negative. 
Suppose moreover that if we write ro and ri as fractions in their lowest terms 
ri =pi/qi (where here all pi, qi are non-negative integers), then poqi — piqo = 1. 
Then, we have a short exact sequence of the form: 

HM,{SlSK)-T^) ^ HM.{Sl^{K);V^) HM ,{Sl^{K)-T^) — > 0, 

where here r2 = (po + Pi) / {qo + qi) ■ 

Proof. We prove the result by induction on 92 = 9o + 9i • 

In the case where go + <Zi = 1, it follows that go = and qi = po = 1. Now, 
Theorem 5.12 gives us an exact sequence 
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We claim that the map HM{W;T„) = 0. This follows from commutativity of the 
diagram, 



■1 



bearing in mind that : HM,{S^''■, F^) — > HAI,{S^''■, F^) is surjective, together with 
the fact that HM,{W; Tw,ri) = 0, which is analyzed in two cases. In the case where 
pi > 0, HM{W) = since &J(T'K) = 1, in view of Proposition 2.8; while in the 
case where pi = 0, it follows from the fact that HM,{SQ{K);rr,) = 0, in view 
of Lemma 4.19. (Note that the present case of Lemma 4.19 follows at once from 
Proposition 2.7, together with the surgery long exact sequence on the level of HM 
with local coefficients.) 

For the inductive step. Theorem 5.12 gives a long exact sequence 

Let rs = (po — Pi) / {Qo — Qi) ■ If 9o > 9i> then by induction on the denominator, we 
have a short exact sequence 

By Proposition 7.2, it follows that G o F = 0. Since G is injective, it follows that 
F is the trivial map. 

In the case where qo < qi, by induction on the denominator, we have 

HM,{S^^{K);Tr,) HM,{S^^{K);Tr,) ^ HM ,{Sl^{K)-T ^) 0. 

Now, since F oG = and G is surjective, it follows that F = 0. 

In the final case, where qo = qi, it follows that qo = qi = 1 and that po = pi + 1. 
Exactness now follows from the short exact sequence 

which was established earlier. □ 

Proposition 7.4. Let K be a knot in and suppose that 

j: HM,{Sl{K)) — > HM,{Sl{K)) 

is trivial for some non-integral, rational r > 0. Let p be the smallest integer greater 
than or equal to r, then 

j: HM.{Sl{K)) HM,{Sl{K)) 

is trivial, as well. 

Proof. Note that for r > 0, if ?y is any real cycle in the rational homology sphere 
S^{K), then the map 

jr,: HM,{Sl{K);Tr,) HM ,{Sl{K)-T^) 

is non-trivial if and only if the corresponding map 

j: HM,{Sl{K)) HM,{Sl{K)) 
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is; in fact since rj is null-homologous, we have identifications 

HM,{S^{K);rr,) = HM,{S^{K))^K and HM,{S^{K);r^) ^ HM,{S^{K)) (»K, 

under which the map j (g) Mk is identified with jr,. 

Write r = p/q in its lowest terms. Since p and q arc relatively prime, we can find 
a pair of integers a and b with the property that aq — bp = ±1. Since p > and 
q > 1, it follows that a and b must have the same sign, or a = 0. Without loss of 
generality, we can assume that a and b are both non-negative. By simultaneously 
subtracting multiples of p off from a and multiples of q off from b, we can arrange 
for < o < p and < b < q. If aq — bp = +1, let ro = a/b, ri = {p — a)/{q — b) 
and r2 = r = p/q, while if aq — bp = —1, we let ro = [p — a)/{q — b) and ri = a/b. 
In both cases, the short exact sequence from Proposition 7.3 holds, giving us the 
following diagram, where the rows and columns are exact 

'HM,{Sl) — ^ HM.iS^J > 

HM,{Sl) — ^ HM,{Sl^) > 

i 



It follows at once that is surjective as well. Note that the denominator of ro 
is smaller than that of r, and there are no integers between r and ro; hence by 
induction on this denominator, the result follows from the long exact sequence 
which connects p,, and j,. □ 

Let K <Z he a, knot and r > be a rational number. We can construct a map 
(J,.: Spin'^(S'^(-ft')) — > Spin'^(S'^(J7)) 
as follows. Consider the Hirzebruch-Jung continued fractions expansion of r 

(31) r =[ai,..,an]= ai ^-^j , 

a2 

•. _ X 

an 

where ai > 1 and > 2 for i > 1. Consider the four-manifold whose Kirby calculus 
picture is given K = Kx followed by a chain of unknots ^^2, • • • , Kn, where Ki links 
Ki-i and i^i+i once; and the framing of is — a^. After deleting a ball, this gives 
a cobordism 

Wr{K): Sl{K) 

It is straightforward to see that any Spin'^ structure t e Spm''{S^{K)) can be 
extended to a Spin" structure over W. Let s denote such an extension. Next, let 
Wr{U) denote the corresponding cobordism for the unknot 

Wr{U): L{p,q) — > S^. 

By the construction of these cobordisms, there is a distinguished identification 

t: H'^{Wr{U);'L) ^ H'^{Wr{K)]'L). 

Let, s' e Spin''(VKr(t^)) denote the Spin" structure structure with r(ci(s')) = ci(s). 
It is straightforward to see that the correspondence which sends t to the restriction 
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of s' to Si^{U) C dWr{U) induces a well-defined map ar as stated in the beginning 
of the paragraph. 

Proposition 7.5. Let K be a knot in S^. Then, for all i G Spm''{S^{K)), we have 
that 

max ci{sf + j:kH2{Wr{U)) < -4JV(t), 

{seSpiii<= ( (c/)) I s I S3 (tj) =<Tr (t)} 

with equality when K = U. 

Proof. Throughout this proof, we let a G HM^_ {S"^) be the non-zero class sup- 
ported in the in the summand corresponding to the two-plane field ^_ S J{S^) 
(recall that = 0). Note that i^{a) € HM,{S^) is non-trivial. Note that 

Wr{K): S!^{K) — > is a cobordism between rational homology three-spheres 
with bt{Wr{K)) = 0. Since for eachs G Spin" {Wr{K)), theinducedmap ffM(Wr(/r),5) 
is an isomorphism (c.f. Proposition 2.7), so we get a diagram 

where here t = s\s3(^k)- It follows that the map o HM{Wr{K),5) is surjcctive, 
and hence there is a two-plane-field j e J(t) and an element (3 G HM j{S'^{K)) with 
the property that 'HM{Wr{K),5){f3) = a. 
Now, by the dimension formula 

-4/l(j) = Ci(s)2 - 2x{Wr{K)) - i<j{Wr{K)) = Ci(s)2 + TkH2{WriK)). 

But since € HM j{S^{K)) is a non-zero- homogeneous element in the image of 
i*, it follows that h{j) > Fr(t). Putting these together, we have shown that 

(32) ci(5)2 + rkH2{Wr{K)) < -4Fr(t), 

for any s which extends t over Wr{K). Note that the left- hand-side of this equation 

depends only on the homological properties of Wr{K), and hence can be replaced 
by Wr{U) as in the statement of the proposition. 

It remains to show that for given t € Spin'^(S'^(J7)), there is a Spin'^ structure 
for which equality holds in Equation (32). 

To this end, we claim that there is a cobordism 

Vr{U): S^^SliU), 

with the property that X = Wr{U) ^-^sliu) VriU) : — > is a negative-definite 
four-manifold (indeed, it is obtained from the cylinder [0, 1] x 5"^ by a sequence of 
blow-ups). Moreover, each Spin^ structure t G Spin'^(S'^(J7)) can be extended to a 
Spin^ structure u G Spin'^(X) with the property that ci(u)^ +vkH2{X) = (i.e. so 
that its square is maximal). Concretely, Vr{U) is constructed from a plumbing of 
spheres with multiplicities . . . , bm} chosen so that 

1 = [ai,...,a„,l,6i,...,fe„]. 

The property of Spin'^ structures with minimal square can be proved by induction 
on the size of the expansion. 



MONOPOLES AND LENS SPACE SURGERIES 



65 



Given this fact, note that the composite 

oHM{Vr{U),u\v^iu))-HM,{S^) HM,{Sl{U)) 

is once again surjective for all u G Spin'^(X) (as it is the composite of an iso- 
morphism with a surjection). It follows that if there were no no extension of 
t e Spin''(S'^(L'')) to Wr{U) for which equahty holds in Equation (32), then the 
composite map HM{X,u) — HM{Wr{U),\x\w^{u))° HM{yr{U),Uv^{u)) would have 
kernel for any u € Spin'^(J7) with u|53([/) = t. But for any choice of u € Spin'^ (X) 
with Ci(u|v^^((7))^ + vkH2iWr{U)] Z) = 0, this map is an isomorphism. □ 

The following result reduces Theorem 1.1 in the case where r is non-integral to 
the integral case: 

Theorem 7.6. Suppose that there is an orientation-preserving diffeomorphism 
Sf{K) = Sf{U) for some non-integral r > 0. Then K is p-standard, where p 
is the smallest integer greater than r. 

Proof. Since S^{K) is orientation-preserving diffeomorphic to S^{U), it follows 
that 

teSpin<=(SJ(if)) teSpm<=(SJ(£/)) 

Since ar is a bijection, it follows from this equation together with Proposition 7.5 
that in fact Frlsf.{K),l) = FriS^U), arit)) for aU t e Spin" {S^K)). Since j is 
trivial on HM,(S'f{U)) = HM,{S^{K)), it follows from Proposition 7.4 that j is 
trivial on HM,{S'^{K)) as well. 

We claim that Fr{S^{K),t) = Fr{S^{U),ap{i)) for all t e Spin^(S'3(f/)). To see 
this, note that by construction, we can decompose 

Wr{K) = VUss^K)Wp{K), 

where V: S^{K) — »• Sp{K) is obtained from the n — 1 two-handle additions (spec- 
ified by K2, ■ ■ ■ , Kn). Wc claim that any u S Spin°(S'p(i^)) admits an extension 5 
over all of Wr (K) , so that the induced map 

HM{Wr{K),s): HM,{S'}{K),s\Wr{K)) — > HM,{S^) 

is an isomorphism. Now, corresponding to the decomposition, we can write 

HM{Wr{K),s) = IIM{Wp{K),s\w,iK)) o IIM{V,s\v). 

Since 6j(V^) = 0, HM{V,s\v) induces an isomorphism (c.f. Proposition 2.7), and j* 
is trivial for both S^{K) and Sp{K), it follows easily that HM{V,s\v) is surjective. 
It follows that 

HMiWp,5\w,iK))- HM,{S^iK)A) HM,{S'') 

is an isomorphism, and hence that Fr{Sp{K),i) = Fr{Sp{U),ap{t)). From this, it 
follows readily that K is p-standard. □ 
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8. Further applications for, lens space surgeries 

In this section, wo use the surgery long exact sequence, along with some earlier 
results, to study the more general problem of lens space surgeries. 

Recall the following result of Meng and Taubes [27] (reformulated in the context 
of monopole Floer homology): 

Theorem 8.1. Let K be a knot in S^, and write its symmetrized Alexander poly- 
nomial as 

Ak{T) = ao + + T-'). 

i 

We fix a generator h G H2{Sl{K);'L) , and let HM,{Sl{K),i) denote the Floer 
homology of S^{K) with local coefficients determined by any cycle v which generates 
Hi{Sq{K);R)), evaluated in the Spin'^ stuctures with {c\{b), [h]) = 2i. Then 

oo 

XK{HM{Sl{K),i)) = -Y,3a\i\+r 

(Where here the left-hand- side is the Euler characteristic over the field K of frac- 
tions of the group-ring F[M], and the sign is determined by the canonical mod two 
grading on Floer homology described in Subsection 2.5.) 

Combining this with the results of this paper, we obtain the following necessary 
criterion for a Sp{K) to be a lens space: 

Theorem 8.2. Let K be a knot in with the property that some integer surgery 
on K gives a lens space, then the Seifert genus of K coincides with the degree of 
the symmetrized Alexander polynomial of K. 



Proof. If the genus of K is bigger than the degree of the Alexander polynomial, 
then the according to the Meng- Taubes theorem, we know that x{HM{SQ{K),g — 
1)) = 0, while by the non-vanishing result, Corollary 6.2, HM{Sl{K),g - 1) 7^ 0, 
and hence HModdiSai^)) 7^ 0- Thus, by Theorem 5.12, we have the exact sequence 

Since HModd{S^) = 0, it follows that HModdiSi{K)) ^ (whether or not we use 
the local coefficient system T^). 

Indeed, if HModd{S^{K)) ^ 0, it follows easily that HModd{S^+iiK)) ^ 0, since 
in this case. Theorem 2.4 sequence takes the form 

HM,{S^) HM,{Sl{K)) HM,{Sl^^{K)) 

where here Fp and i^p+i preserve the absolute Z/2Z grading (c.f. Section 2.5). 
In particular, this makes it impossible for S^{K) to be a lens space (for integral 
n>0). □ 

In [33], it is shown that if K is any knot with the property that Sp{K) = 
L{p,q), then the Alexander polynomial of K is uniquely determined up to a finite 
indeterminacy. Indeed, this algorithm is concrete: its input is the Milnor torsion 
for L{p, q) and L{p,l), and the finite indeterminacy depends on the homology class 
of the induced knot in L{p, q). 
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Consider the rational numbers d{—L{p,q),i) associated to a lens space L(j>,q) 
(recall that we have fixed here the orientation convention that L{p, q) = S^^^{U)), 
and an element i S Z/pZ, determined by the recursive formula 

d(-L(l,l),0) = 

di-Lip,q),i) = (^i^i?l±l^rf)-d(-L(,,r),i), 

where r and j are the reductions modulo qofp and i respectively. (Note that these 
numbers turn out to agree with the Fr0yshov invariants of the lens space —L{p, q), 
under a particular identification Spin'^(L(p, qj) = Z/pZ.) 
The following can be found in Corollary 7.5 of [33]: 

Theorem 8.3. The lens space L{p,q) is obtained as surgery on a knot K c 
only if there is a one-to-one correspondence 

cr: Z/pZ — > Spm''{L{p,q)) 

with the following symmetries: 

• there is an isomorphism (j): Z/pZ — > Z/pZ with the property that 

with the following properties. For i gZ, let [i] denote its reduction modulo p, and 

define 

( -d{L{p,q),a[i])-\-d{L{p,l),\i]) if2\i\<p 

u = < 

[ otherwise, 
then the Laurent polynomial 

L.(T) = l + ^(^-t, + ^) r = ^a,.r 

i ^ ' i 

has integral coefficients, and all the ti < 0. Indeed, if Sp{K) = L{p,q), then its 
Alexander polynomial has the form Lcr(T) for som,e choice of a as above. 

By combining Theorem 8.2, results of [33], and work of Coda and Teragaito [17], 
we obtain the following: 

Corollary 8.4. If K is a knot with the property that for some p gZ, Sp{K) is a 
lens space and \p\ < 9, then K is either the unknot or the trefoil. 



Proof. In view of Theorem 8.3, it is now an experiment in numerology to see 
that if Sp{K) is a lens space with \p\ < 9, then Alexander polynomial of if is either 
trivial or T — 1 + (see the list at the end of Section 10 of [33]). In view of 
Theorem 8.2, it follows that the genus of K is zero or one. Combining this with a 
theorem of Coda and Teragaito [17], according to which the only genus one knot 
which admits lens space surgeries is the trefoil, the corollary is complete. □ 

As another application, wc obtain the following bound on the Seifert genus g of 

K in terms of the order of the lens space. 

Corollary 8.5. Let K be a knot in with the property that for some integer p, 
Sp{K) is a lens space, then 2g — 1 < p. 
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Proof. The bound 2d—\<p where d is the degree of the Alexander polynomial 
of K follows immediately from the algorithm described in Theorem 8.3; the rest 
follows from Theorem 8.2. □ 

The bound on the Scifcrt genus stated above is still fairly coarse, and can usually 
be improved for fixed p and q using Theorem 8.2, combined with the algorithm for 
determining the Alexander polynomial of K given in Theorem 8.3. 

It is interesting to compare Corollary 8.5 with a conjecture of Goda and Tcragaito 
for hyperbolic knots which admit lens space surgeries. They conjecture that for such 
a knot, the order p of the fundamental group is related with the Seifert genus g by 
the inequalities 2g + 8 < p < 4g— 1. Indeed they prove (Theorem 1.1 of [17]) that if 
if is a hyperbohc knot in , and if Sp{K) is a lens space, then |p| < 12g — 7. They 
restrict to the hyperbolic case, since the case of non-hyperbolic knots yielding lens 
space surgeries is completely understood, c.f. [4], [42], [43]. The only such knots 
with lens space surgeries are torus knots, and the (2, 2pq ± l)-cable of a {p, q) torus 
knot (in which case the resulting lens space is L{Apq ± l,4g^)). 

The condition that ti < Q from Theorem 8.3 has an improvement, using the 
Floer homology for knots (see [32] and [36]). Specifically, in Corollary 1.3 of [31], 
it is shown that if is a knot on which some integral surgery is a lens space, then 
all the non-zero coefficients of its Alexander polynomial are ±1, and they alternate 
in sign. 

Combining all this information, we can give stronger constraints on the lens 
spaces which can be obtained by surgeries on knots with a fixed Seifert genus. As 

an illustration, we have the following: 

Corollary 8.6. The only lens spaces which can he obtained by positive integer 
surgery on a knot in with Seifert genus 2 are orientation-preserving diffeomor- 
phic to L{9,7) and L{11,A). 

Proof. According to Theorem 8.2, combined with Corollary 1.3 of [31] (which 

states that the non-zero coefficients of the Alexander polynomial all have absolute 
value one and alternate in sign), we see that if K has genus two and some integral 
surgery on it gives a lens space, then is either — 1 -|-T^ or — + 1 — 
T + T'^. In the first case, K is neither a torus knot nor the (2, 2pq ± l)-cablc of a 
{p, q) torus knot, and hence it must be hyperbolic (c.f. [4], [42], [43]). According to 
Goda and Teragaito's bound, |p| < 17. But this is now ruled out by Corollary 7.5 
of [33]. In the second case, we can rule out the possibility that K is hyperbolic 
and p 7^ 9,11 in the same manner. In these remaining cases, the algorithm of 
Theorem 8.3 forces Sp{K) to be one of the two listed possibilities. □ 

The above procedure is purely algorithmic, and can be repeated for higher gen- 
era. For instance, if positive integral surgery on a genus three knot gives a lens 
space, then that lens space is contained in the list 

L(ll,9), i(13,10), i(13,9), i(15,4) 

(all of which are realized by torus knots); in the genus four case, the list is 

L(14, 11), i(16,9), i^(17,13), L(19,5) 

(again, all of these are realized by torus knots). In the genus five case, the list reads 

L(18,13), -£-(19,11), i(21,16), -£-(23,6), 
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where now the last two examples are realized by a torus knot, and the first two are 
realized by the (—2, 3, 7) pretzel knot (c.f. [10]). 

In a different direction, we can combine Theorem 8.2 with properties of the 
Heegaard Floer homology for knots (see [32] or [36]) to obtain the following result 
on the four-ball genera of knots admitting lens space surgeries, compare also [24]: 

Corollary 8.7. Let K he a knot in with the property that Sp{K) = L{p,q). 
Then, the Seifert genus, the four-ball genus, and the degree of the Alexander poly- 
nomial all coincide. 

Proof. According to [31] (c.f. Corollary 1.6 in that reference), the four-ball 
genus of K is bounded below by the degree of the Alexander polynomial of K. The 
equality of the three quantities follows from the fact that the four-ball genus is less 
than or equal to the Seifert genus of K, together with Theorem 8.2. □ 

8.1. Seifert fibered surgeries. We give an application of the long exact sequence 
to the question of when a knot in admits a Seifert fibered surgery. To state the 
strongest form, it is useful to pin down orientations. 

Let F be a Seifert fibered space with bi{Y) = or 1. Such a manifold can 
be realized as the boundary of a four-manifold W(r) obtained by plumbing two- 
spheres according to a weighted tree F. Here, the weights are thought of as a map 
m from the set of vertices of F to Z. 

Definition 8.8. Let Y be an oriented Seifert fibered three-manifold with bi{Y) = 
or 1. We say thai Y has a positive Seifert fibered orientation if it can he presented 
as the oriented boundary of a plumbing of spheres W(F) along a weighted tree F so 
that with b~{W{r)) =0. IfY does not have a positive Seifert fibered orientation, 
then —Y does, and we say that Y is negatively oriented. 

Moreover, either orientation on any lens space is a positive Seifert orientation; 
similarly, either orientation on a Seifert fibered space with bi {Y) = 1 is a positive 
Seifert orientation. Finally, if Y is the quotient of a circle bundle tt : N — > S over a 
Riemann surface by a finite group of orientation-preserving automorphisms G, and 
if A'' is oriented as a circle bundle with positive degree, then the induced orientation 
on y is a positive Seifert orientation. 

The basic property of the monopole Floer homology of Seifert fibered spaces we 
will use is the following result, which follows quickly from [28]. Or, alternatively, 
using Theorem 2.4, one can adapt the proof of the corresponding result for Hee- 
gaard Floer homology (c.f. Corollary 1.4 of [34]), to the context of Seiberg-Witten 
monopoles. 

Theorem 8.9. If Y is a positively oriented Seifert fibered rational homology three- 
sphere, then HMt{Y) is supported entirely in even degrees. 

Sometimes, wc will consider Seifert fibered spaces with first Betti number equal 
to one. One could adapt techniques of [28] to this situation, as well, but it is quicker 
now to appeal to the surgery long exact sequence. The relevant fact in this case is 
the following: 

Corollary 8.10. //Iq is a Seifert fibered space with bi{Yo) — 1, and rj is a generator 
of Hi{Yo;'E.), then HM,{Yo;Tn) is supported entirely in odd degrees. 
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Proof. Express Yq as the boundary of a plumbing W of spheres with (W) — 0, 
and let Yi denote the new Seifert fibered space obtained by increasing the mul- 
tiplicity of the central node by one, and let I2 denote the plumbing of spheres 
obtained by deleting the central node. (The latter space, Y2 is a connected sum 
of lens spaces.) We have that the Floer homology groups Yq, Yi, and Y2 fit into 
a long exact sequence as in Theorem 5.12. In fact, since Y2 can be given a pos- 
itive scalar curvature metric, i» : HM {Y2;Trj) — > HM t{Y2;T^) is surjective, and 
hence, since HM{Yo;Tr,) = (c.f. Lemma 4.19), it follows that the map from 
HM,(l2;r^) — >■ -ffAf,(Fo; r??) is trivial. Thus, we get the short exact sequence 

^ HM.{Yo;T,) HM.{Y,;T,) HM.{Y2;T,) 0. 

Since /fM,(Yi; F,,) is supported in even degrees and the map HM{Wo) reverses the 
canonical mod two grading (c.f. Proposition 2.5), the result follows. □ 

Another application of the surgery long exact sequence gives the following: 

Proposition 8.11. Let K be a knot in S^. Then, for all r = p/q > 0, we have 
that 

even 

Proof. This follows immediately from Proposition 7.3. □ 

We obtain the following direct generalization of Theorem 8.2: 

Theorem 8.12. Let K be a knot whose Alexander polynomial Ak{T) has degree 
strictly less than its Seifert genus. Then, there is no rational number r > with 
the property that S^{K) is a positively oriented Seifert fibered space. 

Proof. In view of Theorem 8.1, the condition on K ensures that HM even{So{K);Trj) ^ 

(and also that i/Modd('S'o(-^); T^) 7^ 0, but we do not use this here). The case 
where r = now is ruled out by the latter fact, together with Corollary 8.10. For 
the case where r > 0, HModd{Sr{K);Tr,) 7^ in view of Proposition 8.11, and hence 
Theorem 8.9 shows that it is never a positively oriented Seifert fibered space. □ 

It is a more subtle problem to detect whether S!^{K) is a negative Seifert fibered 
space for r > 0. We include the following: 

Theorem 8.13. If K is a knot whose Seifert genus g is strictly greater than the 
degree of its Alexander polynomial, and also g > I, then Sf^^{K) is not a Seifert 
fibered space for any integer n. 

Proof. As usual, by reflecting K if necessary, it suffices to consider the case 
where n > 0. Sf^^{K) is not a positively oriented Seifert fibered space, according 
to Theorem 8.12. Thus, we are left with the case where n > and F is a negatively 
oriented Seifert fibered space. 

We claim that if y is a negatively oriented Seifert fibered space, then the cokernel 
of i, : HM,{Y) — > HMt(Y) is supported entirely in odd degrees. This follows 
easily from duality. 
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Now, in view of Corollary 2.3, our hypothesis on the knot K ensures that 
HModd{Sl{K)) ^ 0. Indeed, letting ^ be any non-trivial element of HMoAd{Sl{K), g- 
1) C HM odd{Sl{K)) , its conjugate ^ lies in the summand _ffModd('S'o (-^). -.9 + 1), 
and hence it is linearly independent of ^. Consider the surgery exact sequence, 
following Proposition 7.3 

HM,{Yo{K)) HM.{Yy^{K)) HM,{Y_^) 0, 

where here F reverses the mod 2 degree. Since F is injective, if = -F(^), 

then rj is linearly independent from -q. It follows that rj is not in the image of 
«*: HM{Yijn(K)) — > HM,{Yiin{K)), since conjugation acts trivially on HM{Yiin(K)). 
In view of the previous paragraph, S\j^{K) is not negatively Seifert fibered for 
n > 0. □ 



9. Foliations 

The exact sequence, together with Theorem 2.1 can be used to exhibit large 
classes of three-manifolds admitting no (coorientable) taut foliations. (Recall that 
all foliations we consider in this paper are coorientable, so we drop this modifier 
from the statements of our results.) 

Definition 9.1. A monopole i-space is a rational homology three-sphere Y for 
which 

j*: HM,{Y)^HM,{Y) 

is trivial. 

Examples include all lens spaces, and indeed all three- manifolds with positive scalar 
curvature. By Theorem 2.1, a monopole L-space admits no taut foliations. 

Proposition 9.2. Let M he a connected, oriented three-manifold with torus bound- 
ary, equipped with three oriented, simple closed curves 70, 71, and 72 as in Theo- 
rem, 2.4. Suppose moreover that Yq, Yi, and Y2 are rational homology three-spheres, 
with the property that 

\H,{Y2;Z)\ = \H,{Yo;Z)\-\-\H,{Yi;Z)\. 

Suppose also that Yq and Yi are monopole L-spaces. Then it follows that Y2 is a 
monopole L-space, too. 



Proof. It follows from the hypotheses that the cobordism Wq ■ Yo — > Yi has 
6+ (Wo) = 1, and hence according to Section 2.6 the map HM{Wo): HM{Yo) — > 
HM(y\) is trivial. Now, Theorem 2.4, and our hypothesis, gives the following 
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diagram (where all rows and columns are exact): 



1 




1 




1 


HM.{Yi) 


HM{Wi) 


HM,{Y2) 


HM{W) 


HM,{Yo) 


I- 

HM.{Yi) 


■ffM(Wi) 


1- 

HM,{Y2) 




I- 

HM,{Yo) 


1- 

HM.{Yi) 


HM(Wi) 


1- 

HM,{Y2) 


HM(W) 


l- 

HM,{Yo) 


|o 











Now, a diagram-chase shows that = as well. □ 

Using the above proposition, together with Theorem 2.1, we can find large classes 
of three-manifolds which admit no taut foliations. We list several here: 

Definition 9.3. A weighted graph is a graph G equipped with an integer-valued 
function m on its vertices. The degree of a vertex v, written d{v), is the number of 

edges which contain it. 

Corollary 9.4. Let G be a connected, weighted tree which satisfies the inequality 
m{v) > d{v) at each vertex v, and for which the inequality is strict at at least one 

vertex. Let Y{G) denote the three-manifold which is the boundary of the sphere- 
plumbing associated to the graph G. Then, Y{G,m) admits no taut foliations. 

Proof. We prove that under the hypotheses on {G,m), Y{G,m) is a monopole 
L-space by an induction on the number of vertices of G. If the number of vertices is 
one, then Y{G, m) is a lens space. Let G be a general tree satisfying the hypotheses, 
and fix a leaf v. We prove the corollary by sub-induction on the weight m{v). If 
m{v) = 1, we can form the graph {G',m') where here G' is obtained from G by 
deleting the vertex G, and m' agrees with m\G' except at the neighbor w of v, 
where m'{w) = m{w) — 1. It is easy to see that Y{G,m) = Y{G',m') and that 
{G',m') also satisfies the hypotheses, and hence it is an i-space by the inductive 
hypothesis (on the number of leaves). Let {Go, mo) be the weighted graph obtained 
by deleting the vertex v from G, and (Gi , mi) be the weighted graph obtained from 
G by decreasing the weight at v by one. It is easy to sec that 

|Hi(r(G,TO);Z)| - \Hi{Y{Go;Z)\ + |i/i(Gi;Z)|. 

The inductive step now follows from Proposition 9.2, together with Theorem 2.1. 
(For more details, see the corresponding result in [34].) □ 

Corollary 9.5. Let L be a non-split, alternating link in S^, and let T,{L) denote the 
branched double-cover of along L. Then, S(L) does not admit a taut foliation. 

Proof. For any link diagram for L, choose a crossing, and let Lq f^nd Li denote 
the two resolutions of L at the crossing, as pictured in Figure 5. It is easy to see that 
S(i), S(Lo), and S(ii) fit into an exact triangle as in Theorem 2.4. Furthermore, 
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if we start with a connected, reduced alternating projection for L, then both Lq 
and Li arc connected, ahcrnating projections and hence S(-£'), S(Lo) and 
are rational homology spheres. Indeed, 

|iJi(I](L))| = |i/i(S(Lo))| + |//i(S(ii)l 

by classical knot theory (c.f. [26]). The result now follows from Proposition 9.2, 
together with Theorem 2.1. (For more details, see the corresponding result in [35].) 

□ 

Corollary 9.6. Let K C he a knot for which there is a positive rational number 
r with the property that S!^{K) is a lens space or, more generally, a monopole 
L-space. Then, for all rational numbers s>r, Sg{K) admits no taut foliation. 

Proof. By Proposition 7.4, if p denotes the smallest integer greater than r, 
then Sp{K) is also a monopole L-space. The result now follows from repeated 
applications of Proposition 9.2. □ 

By a theorem of Thurston (c.f. [40], [41]), if K is not a torus knot or a satellite 
knot, then S^.{K) is hyperbolic for all but finitely many r. One can now use 
the above corollary to construct infinitely many hyperbolic three-manifolds with 
no taut foliation by, for example, starting with a hyperbolic knot which admits 
some lens space surgery. (A complete list of the known knots which admit lens 
space surgeries can be found in [1], see also [2], [16], [10].) The first examples of 
hyperbolic three- manifolds which admit no taut foliation were constructed in [39] , 
see also [6] 

Corollary 9.7. Fix an odd integer n>7, and let K be the (— 2,3,n) pretzel knot. 
For all r > 2n + 4, then S^{K) admits no taut foliations. 

Proof. When n = 7, then Sig{K) is a lens space. The result now follows from 
Corollary 9.6 (see also [22]). Indeed, for n > 7, it is well-known (c.f. [3]), S2n+4(K) 
is a Seifert fibered space with Seifert invariants (—2,1/2,1/4, (n— 8)/(n — 6)). 
Repeated applications of Proposition 9.2 can be used to show that this Seifert 
fibered space is a monopole L-space, and hence again we can apply Corollary 9.6. 

□ 




Figure 5. Resolving link crossings. Given a link with a 

crossing as labelled in L above, we have two resolutions Lq and 
Li, obtained by replacing the crossing by the two simplifications 
pictured above. 
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These bounds can be sharpened. For example, when n — 7, Si'j{K) is a quotient 
of by a finite isometry group, and in particular, it has positive scalar curvature. 
Thus, for all r > 17, S^{K) admits no taut foliation. In fact, with some extra work, 
one can improve the bound in general to r > n + 2. It is interesting to compare 
this with results of Roberts [37], [38], which constructs taut foliations on certain 
surgeries on fibered knots. For example, when K is the (—2, 3, 7) pretzel knot, she 
shows that S^{K) admits a taut foliation for all r < 1. 

In a similar vein, we have 

Proposition 9.8. For any three rational numbers a,b,c > 1, the three-manifold 
M{a, b, c) obtained by performing a, b, and c surgery on the Borromean rings carries 
no taut foliations. 

Proof. First, we prove the case where a, b, and c arc integers. In the basic 
case where a = b = c, the manifold M(l, 1, 1) is the Poincare homology sphere, 
which admits a metric of positive scalar curvature, and hence it is a monopole L- 
space. For the inductive step, we apply Proposition 9.2, to see that the fact that 
{p, l)#I/(c, 1) and M(a, b, c) are monopole L-spaces implies that so is M(a+ 1, b, c). 
Repeated applications of the proposition also gives now the result for all rational 
numbers a, b, and c in the range. □ 

Note that this family includes the "Weeks manifold" M(l, 5/2, 5), which is known 
by other methods not to admit any taut foliations, see [6]. 
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